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MOULAY-TAHAR BENAMEUR AND JAMES L. HEITSCH 

Abstract. We prove that the higher harmonic signature of an oven dimensional oriented Riemannian 
foUation _F of a compact Riemannian manifold M with coefficients in a leafwise U{p, g)-flat complex bundle 
is a leafwise homotopy invariant. We also prove the leafwise homotopy invarianco of the twisted higher Betti 
classes. Consequences for the Novikov conjecture for foliations and for groups are investigated. 



1. Introduction 

In this paper, we prove that the higher harmonic signature, a{F,E), of a 2£ dimensional oriented Rie- 
mannian fohation _F of a compact Riemannian manifold M, twisted by a leafwise flat complex bundle E over 
M, is a leafwise homotopy invariant. We also derive important consequences for the Novikov conjecture for 
foliations and for groups. We assume that E admits a non-degenerate possibly indefinite Hermitian metric 
which is preserved by the leafwise flat structure. As explained in |G96| . this includes the leafwise 0{p, q)-iiat 
and the leafwise symplectic-fiat cases. We assume that the projection onto the twisted leafwise harmonic 
forms in dimension £ is transversely smooth. This is true whenever the leafwise parallel translation on E 
defined by the flat structure is a bounded map, in particular whenever the preserved metric on E is positive 
definite. It is satisfied for important examples, e.g., the examples of Lusztig jLu72| which proved the Novikov 
conjecture for free abelian groups, and it is always true whenever _B is a bundle associated to the normal 
bundle of the foliation. In particular, the smoothness assumption is fulfilled for the (untwisted) leafwise 
signature operator. 

Any metric on M determines a metric on each leaf L oi F, so also on all covers of L. The bundle 
E I L can be pulled back to a flat bundle (also denoted E) on any cover of L. These leafwise metrics and 
the leafwise flat bundle E determine leafwise Laplacians A-^ and Hodge * operators on the differential 
forms on L with coefficients in E\ L, as well as on all covers of L. The Hodge operator determines an 
involution which commutes with A^, so A^ splits as a sum A^ = A^'+ + A^'~, in particular in dimension 
£, Af = Af''^ + Af'^. To each leaf L of F, we associate the formal difference of the (in general, infinite 
dimensional) spaces Ker(A^'^) and Ker(A^'^) on L, the simply connected cover of L. We assume that the 
Schwartz kernel of the projection onto Ker(A|') = Ker(A^'^) © Ker(A^'~) varies smoothly transversely. 
Roughly speaking, transverse smoothness means that the Ker(A^'^) are "smooth bundles over the leaf 
space of F" . We define a Chern-Connes character cha for such bundles which takes values in the Haefliger 
cohomology of F. The higher harmonic signature of F is defined as 

a{F,E) = ch,(Ker(Af'+)) - ch„(Ker(Af '")). 

Our main theorem is the following. 

Theorem 19.11 Suppose that M is a compact Riemannian manifold, with oriented Riemannian foliation 
F of dimension 2£, and that E is a leafwise flat complex bundle over M with a (possibly indefinite) non- 
degenerate Hermitian metric which is preserved by the leafwise flat structure. Assume that the projection 
onto Ker(A^) for the associated foliation Eg of the homotopy groupoid of F is transversely smooth. Then 
a{F, E) is a leafwise homotopy invariant. 

In particular, suppose that A'/', F', and E' satisfy the hypothesis of Theorem 19. 1[ and that f : M ^ M' 
is a leafwise homotopy equivalence, which is leafwise oriented. Set E ~ f*{E') with the induced leafwise flat 
structure and preserved metric. Then / induces an isomorphism /* from the Haefliger cohomology of F' to 
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that of F, and 



rHF',E')) 



a{F,E). 



A priori, (t{F, E) depends on the metric on M . However, it is an immediate corollary of Theorem 19.11 that it 
is independent of this metric since the identity map is a leafwisc homotopy equivalence between {M, F; go) 
and {AI,F;gi). In general, (j{F,E) depends on the flat structure and the metric on E, in particular on the 
splitting of E = E'^ © E~ into positive (resp. negative) definite sub bundles. 

Our techniques also give the leafwisc homotopy invariancc of the twisted higher Betti classes. When the 
twisting bundle E is trivial, this extends (in the Riemannian case) the main theorem of |HL91| . 

Theorem 110.61 Suppose that M is a compact Riemannian manifold, with oriented Riemannian foliation 
F of dimension p . Let E be a leafwise fiat complex bundle over M with a (possibly indefinite) non- degenerate 
Hermitian metric which is preserved by the leafwise flat structure. Assume that the projection onto Kcr(A^) 
for the associated foliation Eg of the homotopy groupoid of F is transversely smooth. Then the twisted higher 
Betti classes Pj{F,E), < j < p, are leafwise homotopy invariants. 

We now give some background to place the results of this paper in context. 

Let Af and Af ' be closed oriented manifolds with oriented foliations F and F' . Let ip : (A/', F') (A/, F) 
be an oriented, leafwise oriented, leafwisc homotopy equivalence. Denote the homotopy groupoid of F by 
G, and let f : M ^ BQ be a classifying map for F. The BC Novikov conjecture predicts that for every 
X e H*{Bg;R), 



It is easy to check that this conjecture reduces to the case where the leaves have even dimension. In the case 
of a foliation with a single closed leaf with fundamental group F and denoting by / : Af ^ BT a classifying 
map for the universal cover of M, the BC Novikov conjecture reduces to the classical Novikov conjecture 



A powerful approach to the Novikov conjecture was initiated by Kasparov in |K88| . He actually proves 
a stronger version of the Novikov conjecture, namely the rational injectivity of the famous Baum-Connes 
map |KS03[ |HgK01[ [La02| . See |T99| for a proof of this injectivity for a large class of foliations, including 
hyperbolic foliations. Note that it is still an open question whether the Baum-Connes map is rationally 
injective for Riemannian foliations. 

A second approach to the Novikov conjecture was initiated by Connes and his collaborators |CM90| and 
uses cyclic cohomology and the homotopy invariancc of the Misccnko symmetric signature in the X-theory 
of the reduced group C*-algebra [K88[ IM78j . This method proved successful, |CGM93j . for the largest 
known class of groups, including Gromov-hypcrbolic groups. For foliations, the homotopy invariancc of 
the corresponding Misccnko class in the A'-thcory of the C*-algebra of Q was explained in [BCOO, B C85| 
and proved independently in [KaM85| and [HiS92| . It reduces the BC Novikov conjecture to an extension 
problem in the K-theovy of foliations, together with a cohomological longitudinal index formula. The 
extension problem was first solved by Connes for certain cocycles in |C86j . by using a highly non trivial 
analytic breakthrough. For general cocycles, the extension problem is a serious obstacle and many efforts 
have been made in this direction |Cu041 |CuQ97i ILMN05( IN971 lP95l [Me] . See also the recent [Ca] for an 
alternative approach. 

The present paper was inspired by a third method mainly due to Lusztig |Lu72| , and to ideas of Gromov 
jG96] . It relics on the fact that for discrete groups having enough finite dimensional U{p,q) representations, 
the even cohomology of the classifying space BT is generated by U{p, q) flat A'-theory classes. The main 
theorem needed in this approach is the oriented homotopy invariancc of the twisted signature by such A'- 
theory classes. This approach has been extended in [CGM901 ICGM93j to cover all the known cases, using 
the concept of groups having enough almost representations and almost flat A'-theory classes. 

Recall that in non-commutative geometry, the index of an elliptic operator is usually defined as a certain 
C*-algebra K theory class constructed out of the operator itself, without reference to its kernel or cokernel. 
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In the special (commutative) sub-case of a fibration, the Chern character of this operator K theory class 
coincides with the Chern character of the index bundle determined by the operator. In the (non-commutative) 
case of foliations, this equality is not known in general. See [BH08| . where conditions are given for it to 
hold, as well as [N97| and the recent [AGS] . For the signature operator, and its twists by leafwise almost flat 
i^T-theory classes, the C*-algebra isT-theory index is well known to be a leafwise homotopy invariant of the 
foliation [HiS92| . However, in order to deduce explicit results on the BC Novikov conjecture for foliations, 
one needs to define a Chern-Connes character of this C*-algebra K-iheory class and to compute it. Our 
approach to this problem is to use the index bundle of the twisted leafwise signature operator, whose Chern- 
Connes character in Haefliger cohomology is well defined as soon as the bundle is. It is therefore a natural 
problem to prove directly the homotopy invariance of the Chern-Connes character of the leafwise signature 
index bundle and its twists by leafwise (almost) flat if-theory classes. 

Our program to attack the BC Novikov conjecture for foliations consists of three steps. 

• Given a if-theory class y = [E^] — [E^] over BQ, prove that the characteristic number / L(rF) U 

f* ch(y) equals the higher leafwise harmonic signature twisted by f*y. 

• Prove that the higher leafwise harmonic signature twisted by leafwise almost flat A'-theory classes 
of the ambiant manifold is a leafwise oriented, leafwise homotopy invariant. 

• Prove that complex bundles E = E~^ ® E~ , such that [f*E^] — [f*E^] is a leafwise almost fiat 
ii'-theory class, generate the /C-theory of BQ. 

It is clear that solving these three problems for a class of foliations implies the BC Novikov conjecture for 
that class. The first step was partially completed in our previous papers [BH041 IBH08| , where wc proved 
this equality under certain assumptions, which were subsequently removed in [AGSj . provided the bundle 
E^ E~ is globally flat. We conjecture that the result is still true under the far less restrictive assumption 
that E~^ © E~ is only leafwise flat. The second step is the goal of the present paper, when the coefficient 
bundle E has a leafwise flat structure and the foliation is Riemannian. See |BH09| for further results on this 
question. 

Our results so far on the third step rely on deep but now classical results of Gromov [G96j . and allow us, 
(assuming our conjecture above), to prove, for instance, the BC Novikov conjecture, without extra assump- 
tions, for the subring of H*{Bg;R) generated by H'^{Bg;R) and H'^{Bg;R). Again see the forthcoming 
paper |BH09j . 

Finally, we conjecture that the Riemannian assumption can be removed, and that the only serious obstacle 
now lies in the third step. 
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We now briefly describe the contents of each section. Section 2 contains notation and some review. In 
Section 3, we construct the Chern-Connes character for transversely smooth idempotents, which takes values 
in the Haefliger cohomology of the foliation. In Section 4, we deflnc the twisted higher harmonic signature, 
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and prove that if the paraUel translation using the flat structure on E is bounded, then the projection to 
the twisted harmonic forms is transversely smooth. Section 5 contains two important concepts essential to 
the proof of our main theorem, namely the notion of a "smooth bundle over the space of leaves of F" , and 
the extension to such bundles of the classical Chern-Weil theory of characteristic classes. This allows us to 
compare the characteristic classes of such bundles on different manifolds. Section 6 is concerned with the 
study of leafwise homotopy equivalences, and their induced maps on Haefiiger cohomology and on leafwise 
Sobolev cohomologies. In general, leafwise homotopy equivalences do not behave well on Sobolev forms and 
cohomologies. To overcome these difficulties, we use two different constructions. The first, due to Hilsum- 
Skandalis |HiS92j , gives smooth bounded maps between Sobolev forms. The second, which uses the Whitney 
isomorphism between simplicial and smooth cohomology, gives us control of the leafwise cohomologies. In 
Section 7, we prove that the pull-backs under leafwise homotopy equivalences of certain smooth bundles over 
the space of leaves are still smooth bundles. Section 8 extends the notion of pulled-back connections. Section 
9 contains the proof of the main theorem. In Section 10, we prove the equality between the twisted higher 
harmonic signature and the Chern-Connes character of the index bundle of the twisted leafwise signature 
operator. We explain how our methods extend to prove Theorem 110.61 We also conjecture a cohomological 
formula for the twisted higher harmonic signature, which is already know to be true in some cases. See 
[H95|, IHL99| IBH08| and the forthcoming [AGS] . Finally, in Section 11 we show how our results lead to 
important consequences for the Novikov conjecture for foliations and for groups. 

Acknowledgments. We are indebted to J. Alvarez-Lopez, A. Connes, J. Cuntz, Y. Kordyukov, J. Renault, 
J. Roe, G. Skandalis, D. Sullivan, and K. Whyte for many useful discussions. Part of this work was done while 
the first author was visiting the University of Illinois at Chicago, the second author was visiting the University 
of Metz, and both authors were visiting the Institut Henri Poincarc in Paris, and the Mathematisches 
Forschungsinstitut Oberwolfach. Both authors are most grateful for the warm hospitality and generous 
support of their hosts. 

2. Notation and review 

Throughout this paper M denotes a smooth compact Riemannian manifold of dimension ?i, and F denotes 
an oriented Riemannian foliation of M of dimension p = 2£ and codimension q. So n = p + q. The tangent 
bundle of F is denoted by TF, its normal bundle by i^, and its dual normal bundle by i'*. We assume that 
the metric on M, when restricted to ly, is bundle like, so the holonomy maps of ly and ly* are isometrics. A 
leaf of F is denoted L. We denote hy U a finite good cover of M by foliation charts as defined in [HL90| . 

If y ^ is a vector bundle over a manifold A^, we denote the space of smooth sections by C°°{V) or 
by C°°{N;V) if we want to emphasize the base space of the bundle. The compactly supported sections 
are denoted by C^{V) or {N;V). The space of differential k forms on A^ is denoted ^'^(A^), and we 
set A*{N) = ®k>oA'"{N). The space of compactly supported k forms is denoted A'^{N), and ^*(A^) = 
ffife>o^c(^)- The de Rham exterior derivative is denoted d or d^- The tangent and cotangent bundles of 
N will be denoted TN and T*N. 

The (reduced) Haefiiger cohomology of F, [HaSOj . |BH08| . is given as follows. For each Ui (z LI, let Ti (Z Ui 
be a transversal and set T Ti. We may assume that the closures of the Ti are disjoint. Let H be the 
holonomy pseudogroup induced by F on T. Denote the exterior derivative by dx : A^{T) — > A*^'^^{T). The 
usual Haefiiger cohomology is defined using the quotient of A^{T) by the vector subspace generated by 
elements of the form a — h*a where h E H and a E A'^{T) has support contained in the range of h. The 
(reduced) Haefiiger cohomology uses the quotient of A'^ (T) by the closure L'' of L'^ . We take this closure in 
the following sense. (The reader should note that in previous papers, we said that we used the C°° topology 
to take this closure, but in fact we used the one given here.) L'^ consists of all elements in a; G A^{T), so that 
there are sequences {w„}, C L'^ with — ijj„|| — > and ||dT(w) — ui„)|| ^0. The norm || • || is the sup 
norm, that is ||u;|| = sup^^r^ \\uj{x)\U, where || • ||^ is the norm on {A^T*T)^. Set ^J(M/F) = Al{T)/l?. 
The exterior derivative dr induces a continuous differential du '■ A^iM/F) — > A'^~^^{M/F). Note that 
A^{M/F) and dn are independent of the choice of cover U. In this paper, the complex {Al{M/F),dH} 
and its cohomology H*(M/F) will be called, respectively, the Haefiiger forms and Haefiiger cohomology of 
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F. The reader should note that this cohomology appears as a quotient in the general computation of cyclic 
homology for foliations carried out in |BN94| . 

As the bundle TF is oriented, there is a continuous open surjective linear map, called integration over 
the leaves, 

/ :^P+^-(M) -^^^-(A-W 
Jf 

which commutes with the exterior derivatives dM and dn- Given uj G ^^^'"'(Af). write uj = '^uji where 
uji <E A^'^'^iUi). Integrate w.j along the fibers of the submersion tt,; : Ui ^ Ti to obtain / cji e A'^{Ti). 

■Jlh 

Define / G A\{M/F) to be the class of \^ I uji. li is independent of the choice of the oji and of the 

JF J Ju^ 

cover U. As. j commutes with dM and du, it induces the map 

J F JF 

For convenience wc will be working on the homotopy groupoids (also called the monodromy groupoids) 
of our foliations, but our results extend to the holonomy groupoid, as well as any groupoids between these 
two extremes. 

Recall that the homotopy groupoid ^ of -F consists of equivalence classes of paths 7 : [0, 1] ^ M such 
that the image of 7 is contained in a leaf of F. Two such paths 71 and 72 are equivalent if they are in the 
same leaf and homotopy equivalent (with endpoints fixed) in that leaf. Two classes may be composed if one 
ends where the second begins and the composition is just the juxtaposition of the two paths. This makes G 
a groupoid. The space of units of Q consists of the equivalence classes of the constant paths, and we 
identify with M. 

For Riemannian foliations, Q is a Hausdorff dimension 2p + q manifold, in fact a fibration. The basic 
open sets defining its manifold structure are given as follows. Given U,V €z U and a leafwise path 7 starting 
in U and ending in V, define ([/, 7, V) to be the set of equivalence classes of leafwise paths starting in U 
and ending in V which are homotopic to 7 through a homotopy of leafwise paths whose end points remain 
in U and V respectively. It is easy to see, using the holonomy defined by 7 from a transversal in U to a 
transversal in V, that if J7, ^ ~ x R?, then ([/, 7, ~ x x R?. 

The source and range maps of the groupoid G are the two natural maps s, r : Q ^ M given by s([7]) = 
7(0), ''([7]) = 7(1). G has two natural transverse foliations Fg and Fr whose leaves are respectively = 
s~^{x), and = r~^{x), for each x G M. Note that r : ^ L is the simply connected covering of L. We 
will work with the foliation Fg. Note that the intersection of any leaf and any basic open set {U,j,V) 
consists of at most one placquc of the foliation Fg in (t/, 7, V), i.e. each passes through any ([/, 7, V) at 
most once. 

There is a canonical lift of the normal bundle of F to a bundle lyg C TQ so that TQ = TFs TFr vg , 
and r,zyg = v and St^vg = v. It is given as follows. Let [7] G Q with s([7]) = x, ^'([7]) = y- Denote by 
exp : V AI the exponential map. Given X G and t G R sufficiently small, there is a unique leafwise 
path 7t : [0, 1] M so that 

i) 7t(0) = exp(tA:) ii) jt{s) G cxp{i^^(^g-^). 

In particular 70 = 7. Thus the family [7f] in Q defines a tangent vector X G TQ^^]. It is easy to check that 
s^,{X) = X and r»(Ar) is the parallel translate oi X along 7 to i^y. 

The metric go on M induces a canonical metric go on Q as follows. TQ — TFs®TFr®vg and these bundles 
are mutually orthogonal. So the normal bundle Vs of TFs is Vs = TFr®vg. On TFr, go is s* [go\TF) , on TF^ 
it is r*(^go\TF^, and on i^g it is r*(^go\i'), which, since F is Riemannian and the metric on v is bundle-like, 
is the same as s*(go|'^)- 

We denote by i? a leafwise flat complex bundle over M. This means that there is a connection on 
E over M which, when restricted to any leaf L of F, is a fiat connection, i.e. its curvature (V^;)^ \L = 
(V£;|L)^ = 0. This is equivalent to the condition that the parallel translation defined by We\L, when 
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restricted to coiitractible loops in L, is the identity. We assume that E admits a (possibly indefinite) non- 
degererate Hermitian metric, denoted {•, •}, which is preserved by the leafwise flat structure. This means 
that if 01 and 02 are local leafwise flat sections of E, then their inner product {0i, 02} is a locally constant 
function on each leaf. More generally, it is characterized by the fact that for general sections 0i and 02, and 
for any vector field X tangent to F, 

-'^{01,02} = {V_B,x01,02} + {01, V£;,x02}- 

We denote also by E its pull back by r to a leafwise (for the foliation Eg) flat bundle on Q along with its 
invariant metric and leafwise flat connection. The context should make it clear which bundle we arc using. 
A splitting of £' is a decomposition E = i?+ ® E^ (of E on M) into an orthogonal sum of two sub-bundles 
so that the metric is ± definite on E^. Splittings always exist and any two are homotopic. The splitting 
defines an involution 7 of E. If is a local section of E with = 0+ + 0~ where 0^ is a local section of 
E^, then 7^ = 0+ -0". If we change the sign of the metric on E' , we obtain a positive definite Hermitian 
metric on E^ and so also on E over both M and Q. In general, this new metric on E, denoted (•, •), is not 
preserved by the flat structure. 

Example 2.1. Assume that the codimension of F is even, say q ^ 2k. Set E = A'=i^*(g)C. The bundles V ana 
v* have natural flat structures along the leaves given by the holonomy maps (which define flat local sections). 
Since the metric on v is bundle-like, the induced volume form on v* is invariant under the holonomy of F. 
Denote by *y the Hodge * operator on /\*v* , and also its extension to E. Given two elements 0i and 02 of 
Ex, set 

^,2 

{01,02} = V-1 *iy (01 A,. 02), 

where A^ : E ® E ~* l\^^v* ® C. We leave it to the reader to check that E and {•, •} satisfy the hypothesis of 
Theorem[Uji 

Denote by Al{Fs, E) the graded algebra of leafwise (for Fs) differential forms on Q with coefficients in E 
which have compact support when restricted to any leaf of -F^. A Riemannian structure on F induces one 
on Fs. As usual there is the leafwise Riemannian Hodge operator *, which gives an inner product on each 
A^{Fs, E). In particular, if ai and 012 are leafwise R valued k forms and (pi and 02 are sections of E, then 

< ai (g) 01, Q!2 (8) 02 > (a;) = / (0i, 02)q;i A *q;2 = / {0i,702}ai A *q;2. 

«/ Lx 

We denote by A*^2-^{Fs,E) the field of Hilbert spaces over M which is the leafwise completion of these 
differential forms under this inner product, i.e. 

Al2■^{Fs,E)x = L'{Lx■,^T*Fs®E). 

This is a continuous field of Hilbert spaces, see [C79| . Because M is compact, the spaces L^{Lx; /\''T* Fs<E) E) 
do not depend on our choice of metrics. However, the inner products on these spaces do depend on the 
metrics, as do the Hilbert norms, denoted || • ||o. 

If E is the one dimensional trivial bundle with the trivial flat structure, then A*^2)i-^siE) is just the 
leafwise forms (now with coefficients in C) for the foliation Fg and is denoted yl*2^(F5,C). 

3. Chern-Connes character for transversely smooth idempotents 

Since we need the "transverse differential" and graded trace used in |BH04j to define the Chcrn-Conncs 
character, we now briefly recall that construction. 

Consider the algebra C^{G', /\Fs (S) E) of smooth compactly supported sections over Q of the bundle, here 
denoted AF,, (g) E, whose fiber at 7 g is 

(AF, ® F)^ = Hom((AF*F ® F)^(^), (Ar*F F)^(^)). 

If a e C^{Q; AFs F), it defines the leafwise operator A which acts on e A*2-^ {Fs,E)x by 

= / a(77r^)0(7i)c?7i, 
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where 7,71 € Lx, and we identify {T*Fs)'y with T*Fri^j). In |BH04| . we defined a Chern-Connes character 
from the A'— theory of this algebra to the Haefliger cohomology of the fohation, 

eh, : K„{C^{g; AF, <g> E)) ^ K{M/F), 

given as follows. Consider the connection V on /\T*Fs (2) E given by V = r*(Vi^ (X) V^;) where Vi;- is a 
connection on AT*F defined by a connection on T*F. Then V : C°°{AT*F, (g) E) ^ C°°{T*g (g) AT*Fs (g) E), 
and we may extend V to an operator of degree one on C°°{AT*Q (g) AT*Fs (g E), where on decomposable 
sections w (g 0, with uj € C°°{/\^T*g), V{u g) 0) = g) </> + {-I^OJ A V0. The foliation Fs has dual 
normal bundle i/* = s*{T*M), and V defines a quasi- connection acting on C°°(Az^* g) AT*Fs g) i?) by 
the composition 

C'^{Aiy*(g}AT*F,®E) ^ C°°{AT*g(g)AT*F,®E) ^ C°°{AT*g(E)AT*F,®E) ^ C°°{Aiy;(l)AT*F,®E), 

where i is the inclusion and is induced by the projection : T*g v* determined by the decomposition 
Tg = TFs®Vs. 

Denote by : End(C°°(Ai^* g) AT*Fs g) i;)) ^ End(C°°(Ai/,* g) AT*i^s g) i;)) the linear operator given 
by the graded commutator 

d,{T) - [V^^]. 

Recall: that {dvY given by the commutator with the curvature 9'^ = (V^)^ of V^; that 6'^ is a Icafwise 
differential operator which is at worst order one; and that the derivatives of all orders of its coefficients are 
uniformly bounded, with the bound possibly depending on the order of the derivative. See [BH08j . 
We may consider the algebra 

A*{M)®c^(M)CT{Q\^Fs®E) 

as a subspacc of the space of yl*(Af)-equivariant endomorphisms of C°°(Ai^* g) AT*Fs <E) E) by using the 
A*{M) module structure of C°°{Av* g) AT*Fs g) E), where for (j) e C°°(Ai/* g) AT*F, g) E), and uj G A*{M), 
we set 

LO ■ (j) ~ s*{uj) A (j). 

The operator maps yt*(Af)§c'~(M)CT(^; ^-P's ® E) to itself. 

Denote by C°°{g; AF^ g) i?) the space of all smooth sections over g of AFg gi i?. For T an element of 
A*{M)®c'^{M)C°°{G; AFg g) £;), define the trace of T to be the Haefliger form Tr(T) given by 

Tr(r)= [ tr{T{x))dx= [ i*{tiiT\i{M)))dx, 

J F J F 

where x is the class of the constant path at .t, tr(T(x)) is the ^* ( Af )-equivariant trace of the Schwartz kernel 
of T at X, and so belongs to AT*Mx, and dx is the leafwise volume form associated with the fixed orientation 
of the fohation F. When restricted to the subspace ^*(M)g)(^oo(^/)C^(C/; AFg g) E), the map 

Tr : A*{M)^c^(^M)C^{G; AF, ® E) Al{M/F) 

is a graded trace which satisfies Tro9y = dn ° Tr, see jBH04| . and Lemma 6.3 of |BH08| . Moreover, the 
equality (Tro9y)(T) = (d/j-oTr)(T) extends to all transversely smooth operators T. See Definition 13 . 21 below 
and |BH08j . 

Since is not necessarily zero, we used Connes' X— trick to construct a new graded differential algebra 
{B,S) out of the graded quasi-differential algebra B = {A* {M)^c--{m)C^ {G; /\Fg ® E),d^). See [C94] . p. 
229 for the definition of the grading, the extension of 9^ to the differential i5, and the product structure on 
B. As a vector space, B is M2{B), the space of 2 x 2 matrices with coefficients in B, and B embeds as a 
subalgebra of B by using the map 

For homogeneous T G S of degree k, Connes defines 

= Tr(rii) - (-l)^Tr(r22r), 



8 



M.-T. BENAMEUR AND J. L. HEITSCH 



and extends to arbitrary elements by linearity. The map $ : S ^ Al{M/F) is then a graded trace, and 
again we have $ o 5 = dH o ^, see jBH04| . 

The (algebraic) Chern-Connes character in the even case is then the morphism 

ch, : K„{C^{g; AF, ® E)) KiM/F) 

defined as follows. Let B = [ei] — [62] be an element of Ko(C^(C/; Ai^s ® E)), where ei = (ei,Ai) and 
62 = (e2, A2). The A,; are N x N matrices of complex numbers, and the are in Mm{G'^ (Q\ f\Fs ® E)), 
the N X N matrices over {G; AFg (g) E), which wc may consider as elements of Mn{B). Denote by 
tr : M]^{B) B the usual trace. Then the Haefliger form 

<--)(--(^))-<-")(--(^): 

is closed and its Haefliger coliomology class depends only on [BH04| . This Haefliger cohomology class is 
precisely the Chern-Connes character of B. So, 



3.1. c\ia{B) 



($ o tr) ( ei exp ( ) - ° tr) (e2 exp ^ ^^^""^^ 



2iTT I J V V 2i7r 



We want to consider the Chern-Connes characters of idempotents, such as the projection onto the twisted 
leafwise harmonic forms, which in general do not define elements of Ko(C^(CJ; AF^ ® E)). The idempotents 
we are interested in are bounded leafwise smoothing operators on l\T*Fs ® E. In order to define the 
Chern-Connes character of such idempotents, we need the concept of "transverse smoothness" for A*{M) 
equivariant bounded leafwise smoothing operators on Az/* ® /\T*Fs ® E. li H is such an operator, we can 
write it as 

H = i^[o] + H[l] H h H[n], 

where is homogeneous of degree k, that is, for all j, 

H^k] : C°°(aV: (g) AT*Fs (E) E) ^ C°°(A^'+'=z^* ® AT*F, ® E). 

Recall that for any [7] G tj, s, : i^s.l^y] ~^ TMg(^^) is an isomorphism. Thus any X £ C°°{/\''TM) defines a 
section, denoted X, of a'^i's- For such X, ij^H[k] is a bounded leafwise smoothing operator on AT* Eg ® E. 
For any vector field F on M, set 

dl{ixH^k]) = «Y(5i^(*x-^[fc]))' 
which (if it exists) is an operator on AT* Eg <E) E. 

Definition 3.2. An A*{M) equivariant bounded leafwise smoothing operator H on Av* ® AT* Eg ® E is 
transversely smooth provided that for any X G C°°{A''TM), and any vector fields Yi,...,Yni on M, the 
operator 

is a bounded leafwise smoothing operator on AT* Eg (E) E. 

Any element of {Q ; AFg (E) E) is transversely smooth. If the leafwise parallel translation along F is a 
bounded map, then the projection onto the leafwise harmonic forms with coefficients in E (for the foliation 
Eg) is transversely smooth. See Theorem 14.41 below. Since di, is a derivation, it is immediate that the 
composition of transversely smooth operators is transversely smooth. It is also easy to prove that the 
Schwartz kernel of any transversely smooth operator is a smooth section in all variables, see |BH08j . 

If iiT is a bounded leafwise smoothing operator on AT* Eg E) E, we may extend it to an A*{M) equivariant 
bounded leafwise smoothing operator on Ai'*E)AT*FgE)E by using the A*{M) module structure oi C°° {Av* E) 
AT*Fg E> E). More specifically, given e C°°(Aj^; E) AT* Eg E> E), write it as 



r 

3 
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where the uj-j £ A*{M), and the (pj £ C°°{/\T*Fs ® E). Then 

j 

It is easy to check that this is well defined. 

The proof of Lemma 4.5 of |BH08j extends easily to give the following. 

Lemma 3.3. Suppose that A is an A*{M)-equivariant leafwise differential operator of finite order on hv* ® 
AT* Fg (g) E, and that the derivatives of all orders of its coefficients are uniformly bounded, with the bound 
possibly depending on the order of the derivative. Suppose that K is a bounded leafwise smoothing operator on 
AT* Fs®E , and extend it to an A* {M)-equivariant bounded leafwise smoothing operator on ® AT* Eg® E . 
Then AK and KA are A* {M)-equivariant bounded leafwise smoothing operators on Av* ® AT* Eg ®E. If K 
is transversely smooth, so are AK and KA. 

For the convenience of the reader, we recall what the conditions on A mean. Write A — A^^ , where 
A [J.] is homogeneous of degree k. Let X e C°°{a''TM) be a local section of norm one, and consider ij^A^^ 
which is a differential operator (say of order d) on Aiy* (g) AT* Eg <E) E. Let (U, 7, V) be a basic open set for 
Q where U,V £ U, the fixed good cover. Then U and V come with fixed coordinates xi, Xp,wi, ...,Wq 
and yi, j/p, zi, The Xi and j/i are the leaf coordinates for E, and the Wi and Zi are the normal 
coordinates. The coordinates for {U, 7, V) are then xi, Xp, yi, yp, zi, Zq, and the yi, yp are the leaf 
coordinates for Eg. With respect to an orthonormal basis of Ai^* (E) AT*Eg (X) E on (C/, 7, V), i^A^i^] may be 
written as a matrix of operators of the form 

> aalx.y.z) — 

ifjTo ^dy'^\..dy^''' 

where the are locally defined smooth functions. Then each derivative of the Oa with respect to the 
variables x, y, and z is assumed to be globally bounded over all basic open sets for Q, and the bound may 
depend on how many derivatives arc taken. 

Note that operators A which arc the pull backs of operators on M, such as 9'^ and r, satisfy the hypothesis 
of Lemma 13.31 Using Lemma 13. 3[ it is easy to show that being transversely smooth is independent of the 
choice of V^. 

Finally, we need the concept of Q invariant yl*(M)-equivariant operators. Suppose that H = iJ[o] + 
+ • ■ • + -ff[„] is an ^*(M)-cquivariant bounded leafwise smoothing operator acting on the sections of 
Av* (g) AT* Eg (g) E. Then H is G invariant provided it satisfies two requirements. 

(1) For any X = Xi A • • • A Xfc G C^{a''TM) with some Xj g C°°{TE), i^Hm = 0. 

This means that H^^] defines an operator H^^] ■ C°°{A^v*g ® AT*Eg ® E) C°°{A^+''v* ® AT*Eg ® E), 
and that for k > q, H^^ = 0. 

Each 7 G 1% = L^nZy, defines an action : C°°(Z^, AV^® Ar*F^®£;) ^ C°"{Ly, A*iy^®AT*Eg®E), 
given by 

[W^7^](7')=C(7'7), 7'eZ,. 
Let y' = r{-f'), and note that [W-y(\{-f') € {A*iy^(g)AT*Eg(g)E)Y, which we identify with A*v*®{AT*E®E)y,, 
while ^(7'7) € {A*v^ (g) AT* Eg (g) E)^^, which we identify with A*i/* ® {AT*E ® E)y>. To effect this action, 
we identify A*!^* with A*f* using the holonomy along 7. The second requirement of H is: 

(2) For any 7 G i^, 

where is the action of H on A*Vg ® AT* Eg ® E\Lx. 

Essentially then, H is G invariant means that it defines the same operator on each L C s^^{L) for each 
leaf L of E. Note that di, preserves G invariant yl*(A/)-equivariant transversely smooth operators. 

In [BHOS] . we extended our Chern-Connes character to G invariant transversely smooth idcmpotents. The 
essential result needed was Lemma 4.13 of that paper, which we state for further reference. 
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(<i> o tr) I e cxp 



Lemma 3.4. Suppose that H and K are Q invariant A* {M)-equivariant transversely smooth operators 
acting on the sections of hv* ® /\T* Fs ® E. Then 

($otr)([7J,jr]) =0. 
Lemma 1331 and the proof of Theorem 4.1 of |BH04| immediately imply 

Theorem 3.5. Let e be a Q invariant transversely smooth idempotent acting on the sections of AT*Fs <Ei E. 
Then 

is a closed Haefliger form whose Haefliger cohomology class, denoted cha(e), depends only on e. In addition, 
if ^t, < t < 1, is a smooth family of such idempotents, then 

chQ(eo) = cha(ei). 

The Haefliger class chQ(e) is the Chern-Comies character of e. 

Lemma 3.6. Two Q invariant transversely smooth idempotents which have the same image, have the same 
Chern-Connes character. 

Proof. Suppose that and are two such idempotents. Then eJ^ o = and o e'^ ~ e'^ , and the family 
e* = te^ + (1 — t)e'^ is a smooth family of Q invariant transversely smooth idempotents connecting to e^. 
Theorem 13.51 then gives the result. □ 

4. The twisted higher harmonic signature 

We now define the twisted higher harmonic signature (j{F,E). The leafwisc de Rham differential on Q 
extends to a closed operator on A*2^^{Fs, C) which coincides with the lifted one from the foliation {M, F) and 
it is denoted by dg. The leafwise formal adjoint of ds with respect to the Hilbert structure is well defined 
and is denoted by Sg, and Ss = — * dg*. Denote by A the Laplacian given by A = {dg + Sg)'^ = dgSg + Sgdg, 
and denote by A^ its action on i-^s , C) . The leafwise * operator also gives the leafwise involution t on 
Al2){Fs,'C), where as usual, 



^—k{k-i)+i 
T = v— 1 * 



on A'^.2)i-Fs, C), and it is easy to check that Sg = —rdgT, so T{ds + Sg) = —{dg + 5g)T, and At = rA. 

These operators extend to ^^2)(-^si ^) as follows. Since the operators are all leafwisc, local and linear, we 
need only define them for local sections of the form a ® (j) where a is a local k form on L, and is a local 
section of E\ L. Then 

dg{a (/)) = dga ® (— l)'^a A V^(/!), *(a (g) 0) = *a 7^, ?(« (g) </>) = ra (g 7^, 

where is restricted to L, so V^(/) is a local section of T*L®E. We define the wedge product a.l\V^4> 
(as a local section of a''+^T*L ig E) in the obvious way. 

Lemma 4.1. We have 

Sg = dg ^ ~ — T dg T. 
Note that =0, so also S"^ ^ since ^^ = ±1. 
Proof. Consider two sections ai <E) (t>i and 0:2 <8) 02, and set 

Q{ai® (j)i,a2® 4'2){x) = {0i,02}ai A q;2, 

(and extend to all of A*2-j{Fg, E) by linearity). Then 

< ai <g) 01, a2 ^ 02 > = Q(q;i (8) 01, *(a2 <X) 02)). 
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Now suppose that ai is a local fc — 1 form on L, a2 is a local k form on L, and 0i is flat. If (/)2 is an arbitrary 
section of E, set {0i, a2 (S" 4>2} = a2{0i, (/'2}- (Note that a2 is C valued). As {•, •} is preserved by the flat 
structure and (f>i is flat, it follows that on L, V|;{0i, 02} = {0i, V^02}. Acting on functions on L, dg = V|^, 
so 

4{<^1,02}-{<^1,V|<^2}. 



Then 



while 



< 4(ai «> 0i),a2 «> (/>2 > = / {0i,702}4ai A *a2 = i-^)'' 1 «! A 4({0i, 7^2} * ^2), 

< ai (g) 01 , C?s * ("2 ® 02) > = 

(-l)Q(ai® 01,^^4 ^(a2«) 02)) = (-l)'=g(ai®0i,4?(a2«)02)) = 
(-l)'=Q(ai «) 01, (d, * ^2) ® 702 + (-1)'' * "2 A V|702) = 



i^'^f ai A(d, *a2){0i,702} + (-l) ai A*a2A{0i,V^702} = 

I ai A 4(*q;2{0i,702}) = (-1)''/ ai A 4({0i,7'^2} * a2). 



□ 

Denote by the Laplacian given by = (ds + (5^)^ ~ dg 5s + 5s dg, and denote by A^ its action on 
A^2)i-^s, E). Note that r is still an involution even at the bundle level, and that T{ds + 5s) = — (c?s + 5s)t 
and A^r = r A^ still hold. 

As usual, the space of twisted harmonic forms Kcr(A^) is related to the Icafwisc cohomology of the 
twisted forms. The space of closed forms in A*2)iEs,E) is denoted by Z^2)iEs,E) and it is a Hilbcrt 
subspace. The space of exact forms in ^^2)(^s,-E) is denoted by B'^2){Es, E), and we denote its closure 

by B*2)iEs, E). We denote by H*2')(Fs, E) the leafwise reduced twisted cohomology of the foliation, that 
is 

H^2) [Fs , E) = [Fs , E) 1%) [Fs , E) . 
Here is a well known Hodge result that we state for further use. See the Appendix of |HL90| 

Lemma 4.2. The field Ker(Af) is a subfield of Z^2)iFs, E), and Z^2)iFs,E) = Ker(Af) ®b'12){Fs, E). 
Thus the natural projection Z^2){Fsi E) Y{^2){Fst E) induces by restriction an isomorphism 

Ker(Af)^Hf2)(^^,,i?). 

In addition 



A\2){Fs,E) = Ker(d, + (d,)*) © Im(4) © Im(<5,). 

That is, for each x £ M , 

L^{L^; AT*L^ (g) {E \ L^)) = Kcr(d^ + 5s) ® Im(df) © lm{5^). 

We assume that the projection Pe onto Ker(A|') is transversely smooth. It is a classical result that this 
projection is a bounded leafwise smoothing operator, so what we are really assuming is a form of smoothness 
in transverse directions. This condition holds in many important cases, see the comments below after the 
statement of Theorem l4.4l Denote by A*j.{Fs, E) the ±1 eigenspaces of t, and by Ker(A|'^) the intersections 
i?)nKer(A|'). Denote by 7r± ~ ^{P(±toPi), and note that these are the projections onto Ker(A^^), 
respectively. Since the operator t satisfies the hypothesis of Lemma 13.31 both ttj- are transversely smooth, 
and their Chern-Connes characters ch£i(7r-|-) are well defined Haefliger cohomology classes. 

Definition 4.3. Suppose that the projection Pi onto Ker(A|') is transversely smooth. The higher twisted 
harmonic signature cf{F, E) is the difference 

(t{F,E) =cha{TT+)-cha{TT-). 
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To justify our claim that our assumption of transverse smoothness for Pe holds in important cases, we 
have the following which is an extension of a result due to Gong and Rothenberg, |GR97| . 

Theorem 4.4. // the leafwise parallel translation along E is a bounded map, then the projection P onto 
Ker(A^) is transversely smooth. 

The conclusion of Gong-Rothenberg is that the Schwartz kernel of P is smooth in all its variables. 

For Riemannian foliations, P is always transversely smooth for the classical signature operator (that is, 
with coefficients in the trivial one dimensional bundle) using either the holonomy or the homotopy groupoid. 
P is transversely smooth whenever the preserved metric on E is positive definite. It is smooth in important 
examples, e.g. Lusztig |Lu72j . If the leafwise parallel translation along E' is a bounded map, P is also 
transversely smooth using the holonomy groupoid, provided that the flat structure on E over each holonomy 
covering has no holonomy (so using the flat structure to translate a frame of a single fiber of | L to all of 
L trivializes E\L). 

It is an open question whether the projection to the leafwise harmonic forms has transversely smooth 
Schwartz kernel when F is not Riemannian. It is satisfied for all foliations with compact leaves and Hausdorff 
groupoid ;EMS76, | E^. 

Since the paper |GR97| has not been published, we give their proof here that P depends smoothly on 
X G A/, and then show how to get transverse smoothness from it. 

Proof. Let [/ C M be a foliation chart and choose xq £ U. Then there a diffeomorphism (pjj : U x L^a — 
s~^{U), and a bundle isomorphism ipjj : U x (E \ Lx„) — E \ s~^{U), covering ipjj and preserving the leafwise 
flat structure. They arc constructed as follows. The normal bundle z^s = TFr © z/g ~ s*{TM) defines a local 
transverse translation for the leaves of the foliation Eg . See |Hu93[ IW83| . We may assume that U is the 
diffeomorphic image under exp^^ of a neighborhood [/ of € TM^^. Then for all x € U, there is a unique 
X £ U so that X = exTp^^{X). Define -fx '■ [0, 1] ~^ M to be -fxit) = cxp^^{tX). Given x sufficiently close to 
xq, for any z G L^g there is a unique path jz{t) h^ G so that 7z(0) = z, jzit) € ^7x(t)' ^^'^ 7z(^) G i'^s)^z(t)- 
The transverse translate ^x{z) of z to Lx is just 7z(l)- is a smooth diffeomorphism from to Lx, and 
we set ipu{x,z) = ^xiz), which is a smooth diffeomorphism from U x Lx^ to s~^(U). 

Since we are using the homotopy groupoid, each L is simply connected, so E \ Lx is a trivial bundle for 
each X £ Al, and using the flat structure to translate a frame of a single fiber of _E | L^; to all of Lx trivializes 
E\ Lx- Choose a local orthonormal framing ei, oi E\U (on M). This framing is also a local framing 
of E I i{U) (on G)- Using the leafwise flat structure of E to translate it along the L, we get a leafwise flat 
framing el, of i? | s~^{U). For {x,J2j ".j^jiz)) eU x {E \ Z^J, set 

V'c/(.T,^ajej(z)) =J2'^j(^ji'fiu{x,z)). 

3 3 

That is, the image oi (j) £ Ez (where z £ Lxq) under 4'u{x, •) is obtained by first parallel translating </> along 
Lxa to £'i(2;o): obtaining ajej{i{xQ)), and then parallel translating ajej{i{x)) along Lx to E,^^(^x,z)- It 
is clear that ipu covers ipu and preserves the leafwise fiat structure. 
There is a naturally defined bundle map 

^u{x) ■■ AT*Lxo ® [E I Lx,) ^ AT*Lx ® {E \ Lx) 

for each x £ U, which on a decomposable element a ® e {/\T*Lxo §5 {E \ Lxg))z is given by 

«'c/(a;)(a = (($^^)*a) (g) i^uix, 4>). 

We also denote by the induced map 

^[/(x) : C^iLx„;AT*Lx„ ® (E \ L,J) ^ C^(Lx; AT*Lx ® (E \ Lx)). 

^'(/(a;) is invertible, commutes with the extended de Rham operators, and depends smoothly on x. Note that 
is a diffeomorphism of uniformly bounded dilation (as is ^x)- If the leafwise parallel translation along 
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E is a bounded map, then the map tpu is a bounded map, and ^'c/ extends to the following commutative 
diagram. 



4.5. 



L^{L,,;AT*L,,(^{E\L^,)) 



L^{W,hT*L,®{E\L^)) 



L^{L,,;AT*L^,(^{E\L^,)) 



*c/(a;) 



L^L,;AT*L,®iE\L,)). 



So *,7(a;)(Ker(dfo)) C Ker(df) and *,7(.T)(Im(d?'')) C Im(dJ). By Lemma|421 we have 
L^iL,,;AT*L,, ® (E \ Z,J) = Ker(df° + 5f ) Im(df°) ® Im(<5f'), 

and 

L2(Z,; AT*Z, I Z,)) = Ker(d^ + ,5f ) © Mdf) M^f). 
With respect to these decompositions, we may write 

*ii(.t) *13(X) 



«'2i(a;) ^'22(2:) 1'23(a;) 











*33(a;) 



It follows immediately that ^'22 (2;) : Im((if°) — > Im(dJ) is an invertible map which depends smoothly on x. 
Let Rxo ■ L'^{Lxfy] AT*Lxo ® {E \ Lxg)) lm{ds'') be the orthogonal projection. Define 

Rx = *22(2:)i?xo*c}^(^)' which equals ^uix)Rxo'^u^{x), 



since 'i22{x)Rxo = '^uix)Rxo- Then Rx is an idempotent which varies smoothly in a:, and has image Im{d^). 
However, it might not be an orthogonal projection. Set 

Qx = I + {Rx — RDiRx ~ Rx)- 

Then Qx is an invertible self adjoint operator which depends smoothly on x, and the orthogonal projection 
Rx : L'^iLx] AT*Lx «) (E \ Lx)) ^ Im(dJ) is just 

Rx Rx Rx Qx ' 

so Rx depends smoothly on x. 

Let Tx be the Hodge type operator such that = ztr^^d^Tx , where is the differential associated with 
the antidual bundle E oi E. The operator maps lm{d^) onto Im((5j). Set Sx ~ t^^SxTx, where Sx is 
the operator for corresponding to the operator Rx for c?J. The argument above, with E replaced by its 
antidual E , shows that Sx, so also Sx, is an idempotent depending smoothly on x. Note that Sx has image 
Im((5j). As above, we get that the orthogonal projection Sx ■ L^{Lx; AT*Lx (E) {E \ Lx)) lm{S^) depends 
smoothly on x. Thus the orthogonal projection P = I — (Rx + Sx) depends smoothly on x. 

We now show that P is transversely smooth. To do this, we view everything on U x Lx^, using Lpu, and 
-0c/. Thanks to Diagram l4.5[ we are reduced to considering the operator : L'^{Lxo', AT* Lx^ ® [E \ Lxo)) 
L'^{Lxa; AT* Lx„ <E) [E \ Lx,,)) acting over each point x € U , that is the twisted leafwise de Rham operator 
on the foliation U x Lxo- We use (pu and ijju to pull back the structures on s~^{U) and we use the same 
notation to denote these pull backs. In particular, we have the connection V and the normal bundle Vs used 
to define d^. The leafwise projection Px onto the twisted leafwise harmonics depends on the leafwise metrics 
on Lxo s-'^d ^ I "^xo, which vary with x ^ U. 

First we prove that we may assume that the normal bundle I's is the bundle TU C T{U x Lxo)- Denote 
the operator corresponding to 9^ constructed using TU by du- Given a (bounded) vector field Y on U, we 
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have two lifts, Y to and Yb to TU. The difference Y — Yq is tangent to the fibers Lxg, so the difference of 
the operators 9j — 9^ = [Vp — Vp^ , •] = [Vy_yj^ , •] is the commutator with a leafwise differential operator 
of order one, whose coefficients and all their derivatives are uniformly bounded, with the bound possibly 
depending on the order of the derivative. For s S Z, we denote by Ws = W*{Lxo,E) the usual s-th Sobolev 
space which is the completion of {Lxg', /\T* L^o <X) {E\Lxa)) under the usual s-th Sobolev norm. Then 
T{Y) := — Vp defines a bounded leafwise operator from any W* to and both T(Y)Px and 

PxT{Y) are bounded leafwise smoothing operators since Px is leafwise smoothing. As 

d]:Px^d^Px + [T{Y),Px], 

Px is a bounded leafwise smoothing operator if and only dJjPx is. 

Now assume that for all Yi,Y2, d^^Pxand dJj'd^/Px are bounded leafwise smoothing operators. Again 
using the fact that = + [T{Y), ■], we have 

d^-d^'Px = d^'d^'Px + [d^'T{Yi),Px] + [T(yi),9^^P,] + [T{Y2),d'^'Px] + [T{Y2), [T{Y,),Px]]. 

which is a bounded leafwise smoothing operator since d^^T{Yi) has the same properties as T{Yi), namely 
it is a leafwise differential operator of order one, whose coefficients and all their derivatives are uniformly 
bounded, with the bound possibly depending on the order of the derivative. As the arguement is symmetric in 
9j/ and djj, d^^Pxand d^^d^^Px are bounded leafwise smoothing operators if and only if dj/^ PxSinA d^'d^^Px 
are. Continuing in this manner, we have that d^^Px, d^'^d^^Px, and d^^...d^^Px are bounded leafwise 
smoothing operators if and only if dJj^Pxj d]fdJ/Px, and dJp...dJ/Px are. Thus we may assume that 
vs = TU. 

Next we show that we may use any connection we please, provided it is in the same bounded geometry 
class as V. Suppose that is another derivation constructed from the connection V° in the same bounded 
geometry class as V. Then — d^ = [Vy — Vy'', •], and Vy — Vy'^ is a leafwise differential operator of order 
zero, whose coefficients and all their derivatives are uniformly bounded, with the bound possibly depending 
on the order of the derivative. So Vy — Vy"^ defines a bounded operator from any Sobolev space W to 
itself. Proceeding just as we did above, we have that d^^Px, d^^d^^Px, and d^"^ ...d^^Px are bounded 
leafwise smoothing operators if and only if d^^Px, O^^Oq^Px, and d^"\..d^^ Px are. Thus, we are reduced 
to showing that d^"^ ...d^^ {P) is a bounded leafwise smoothing operator. 

The connection we choose is that pulled back from Lxg under the obvious map U x Lx^ Lx^. We 
leave it to the reader to show that this is in the same bounded geometry class as V. Now we can choose 
coordinates on U so we may think oi U = D" with coordinates, xi, ...,a;„, and xq = (0, ...,0). When we do, 

d^^^''"\.4^^'''Px = 9'"p,/9x,,„...ax,,. 

Thus we are reduced to considering a smooth family of smoothing operators Px acting on the space of 
sections of AT* Lx^ ® {E \ Lxa). The parameter x determines the metric Qx we use on this space, and Px is 
the associated projection onto the twisted harmonic sections. Note that the associated Sobolev spaces W* 
are the same for all the gx since these metrics are all in the same bounded geometry class. The norms on 
W* do depend on the parameter x. However they are all comparable, so we may assume that we have a 
single norm || • ||s on each W* , which is independent of x. 

Denote d™ /dxi^...dxi^ by 9™ j^^. We need to prove that for all s and fc > 0, d'"^ ^_^Px defines a bounded 
map from W* to W*^^^. Given K : W* VV*^^, denote the s,s + k norm of K by ||i^||s-i-fe,s. Then 

= 11(1 + A)(^+^-)/2A'(1 + A)-^/2||o,o, 

where A is the Laplacian associated to the metric on /\T*Lxo <E) {E \ Lxa)- Since the norms associated to 
different metrics are comparable, we may use any metric gx with associated Laplacian A^, we like. Now 
Px = {l + A,)(«+'=)/2p,(l + A,)-^/2, so 

d^Px = a,((i + A,)(^+^-)/2p,(i + A,)-^/2) = 

5,(1 + A,)(^+^)/2p^(^ ^ ^ ^ A,)(^+'=)/2a,P,(l + A,)-'/2 + (1 + ^x)'^^+^^ P.d,{l + ^xT''^ 
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which gives 

^^P. - + A,)(^+'^-)/2p,(l + A,)--/2 - (1 + A,)(-^+'^)/2p,a,(i + A,)-^/2. 

So, 

\\d,P,\\s+k^, = ||(l + A,)(^+'^-)/29,P,(l + A,)-«/2||^^^ ^ 
||a,P, - 9,(1 + A,)(^+^)/2p^(^ ^ ^^)-./2 _ ^ A,)(^+'=)/2p,9,(l + A,)-^/2||o,o < 

P.P.||o,o + P.(l + A,)(^+'^)/2p,(l + A,)-^/2||o,o + ||(l + A,)(^+'^)/2p,a,(l + A,)-^/2||o,o. 

Now for any r, (1 + /S.^)^/"^ and 9^(1 + /S.^y/'^ are leafwise differential operators of order r, whose coefficients 
and all their derivatives are uniformly bounded, with the bound possibly depending on the order of the 
derivative, but independent of x. So they define bounded operators from W* to W*_^., for any s, with bound 
independent of x. Since is leafswisc smoothing, it defines a bounded operator from any W* to any W* ^ 
whose bound is also independent of x, since 

||P,||«,, = ||(l + A,)-^/2p,(l + A,)-''/2||o,o = ||P.||o,o < 1, 

Thus we have 

||9,(l + A,)(^+''^)/2p,(l + A,)'^/2||o,o < ||a,(l + A,)(^+^-)/2||o,,+fe ||(l + A,)-^/2||_,,o 

is bounded independently of x. Similarly ||(1 + /S.^)'^'^^''^ /"^ Pxdi{\ + A2:)~''/^||o,o is bounded independently 
of X. Thus ^^P^ : W; -> W^^f^ is bounded if and only if diP^ : is. 

Now for any ni and and any r, 9™ ^^(1 + A^,)'"/'^ is also a leafwise differential operator of order r, whose 
coefficients and all their derivatives are uniformly bounded, with the bound possibly depending on the order 
of the derivative, but independent of x. Using this fact, a straightforward induction argument shows that 
9Z...^^P^ ■ is bounded ff and only if ^^P^ : is. 

Now we have (working on Wq = L'^(Lxa\ f\T* L^g ® [E \ Lxq))) that P^ = I - [Rx + Sx), where Rx is the 
orthogonal projection Rx : L'^{Lxo; /\T*Lxo ^ {E \ Lxo)) Im(df°) C L'^{Lxo;AT*Lxo ® (E \ Z^J) obtained 
using the metric gx- At the point x, Rxq also has image lm{ds°), but Rx^ might not be an orthogonal 
projection using the metric gx- As above Rx is given by 

Rx — Rxo Pxo Qx I 

where 

Qx = I + {Rxa - R*xT>{R7o ~ R^o)- 

and R*^ is the adjoint of Rx„ constructed using the metric gx- Since / = QxQx^, we have that 

= a,/ = d,{QxQx^) = {d,Qx)Qx^ + Qx{^^Qx^). 

So 

d:Qx' = -Qx\d,Qx)Qx\ 
and a boot-strapping argument shows that 9™ (Q"-'^) is bounded if 9^™ ^^Qxis. It follows that 9™ ^. Rx 
is bounded if 9™ i-^Rxo a-nd 9™ i^Rxo '^^'^ bounded. As diRx„ = for all i, we are reduced to considering 

We may write the metric gx as gx{u,v) = gx„{GxU,v) where Gx is a nonnegative self-adjoint (invertible) 
operator with respect to gxo, as is its inverse. Since gx is the pull back of a family of metrics defined on the 
compact manifold M, Gx is smooth in all its variables, and it and all its derivatives are uniformly bounded, 
and the same is true for the inverse G^^. Thus for all m, both 9^™ i-^Gx and 9™ i-^G^^ define bounded 
operators on LF'{Lx^ \ /\T*Lxf, (E" {E \ Lx„)) (since they are order zero differential operators). For any bounded 
operator A on L'^{Lxo; /\T*Lxo <E) (E \ Lxg)), the adjoint of A with respect to gx is 

A*^ = G-^A*Gx, 
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where A* is the adjoint with respect to gxg ■ It follows immediately that for all to, d™^ R*^ = d™^ (G^. '^R%^^Gx) 
is a bounded operator on = L'^{Lxo] /\T* L^a ® {E\Lxo))-, since diR%^ ~ for all i. Thus for all to, 
9,™ ij-Ra; is a bounded operator on W^. 

It remains to show that for all to, 9^™ ^_^Sx is a bounded operator on W^. To do this we may proceed 
as we did above, using the operators 5*^ and Sx- We need only observe that the Hodge type operator Tx 
has the same properties that Gx does. Thus for all to, d™^ ^^Px = ^{^"^ j^^Rx + d™!^ ^^Sx) is a bounded 
operator on Wg* , and we conclude that Px is transversely smooth. 

□ 

Proposition 4.6. If P is transversely smooth, then the projections onto A'^{Fs, i?)n(Ker(A^)©Ker(A^_j,)), 
k ^ £, and Ker(A^^) are transversely smooth. 

Proof. Denote by Pk the projection onto Ker(A|'). It is immediate that P is transversely smooth if and only 
if all the Pk are transversely smooth. For k ^ £, the projection onto Aj-{Fs,E) (1 (Ker(A|') ® Ker(A^_j;.)) is 
given by TT^ = Pfe ± r o P^., (since Pk°T o Pk = in those cases), and the projection onto Ker(A^^) is given 
by 7r± = \ {Pt ± r o P^). As the operator r satisfies the hypothesis of Lemma [3731 and each Pk is transversely 
smooth, so is each t o Pk, so all of the projections are also transversely smooth. □ 

5. Connections, curvature, and the Chern-Connes character 

We now give an alternate construction of the Chern-Connes characters cha(7r+) and cha(7r_) using "con- 
nections" and "curvatures" defined on "smooth sub-bundles" of ^^2)(^.5i 

Definition 5.1. A smooth suhhundle of A*^2-^{FstE) over M/F is a Q invariant transversely smooth idem- 
potent ttq acting on A'^2)i-^s i E) . 

Example 5.2. (1) Any idempotent in the algebra of superexpeonentially decaying operators on /\T*Fs® 
E, defined in |BH08] . is a smooth subbundle of A*2-f{Fs, E) over AI/F. So, any smooth compactly 
supported idempotent is a smooth subbundle of A*^2-^{Fs,E) over AI/F. 

(2) The Wassermann idempotent of the leafwise signature operator, as defined for instance in [BH08| . 
is a very important special case of (1) above. In this case we take E = M x <C. 

(3) A paradigm for such a smooth subbundle is given by projection onto the kernel of a leafwise elliptic 
operator acting on A'^2)i-^s, E) (induced from a leafwise elliptic operator on F). In particular, the 
projections tt^ and 7r_ . 

Definition 5.3. The space C^{AT*Fs ® E) consists of all elements ^ e C^iG; /\T*Fs ® P) n y^^2)(Ps, P) 
such that for any quasi- connection V^, and any vector fields Yi, ...,Ym on M, 

^'y,-^yJO e C°°(g;AT*P,®P)n^^2)(^3,P), 

where V^. = if.V''. 

Note that if ^ e C°"{g;AT*Fs (E) E), V^^...V^^^(C) is automatically in C°°{g;AT*Fs (E) P), and that 
if C e C^{AT*Fs (E) E), then V^,^...V^^(o'e ci'{AT*Fs ® E). Note also that C^{g;hT*Fs E) E) C 
C^{AT*F,E) E). 

Proposition 5.4. If H is a transversely smooth operator on /\T*Fs E) E, then H maps {/\T* Fs E) E) to 
itself. 

Proof. Let ^ e C^'{AT*Fs E) E). As P is transversely smooth, it follows easily that e C°°(t/; AT*Fs (g) 
P) n A'^2)i-^s, E). Fix a quasi-conncction V, and let F be a vector field on A/. Then 

V^(PO = V^PC - HV^i + H^y( = {dlH)i + P(V^C), 
which is in C°°{Q; AT* Eg E)E)r\ A*^^^) i^siE), since P and 5jP are transversely smooth, and ^ and Vy^ are 
in C^{AT*Fs E) E). An obvious induction argument now shows that P^ G C^{AT*Fs E) E). □ 
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Let ttq be a smooth subbundle of A*^2)i^s, E) over M/F. 

Definition 5.5. A smooth section of ttq is an element ^ e {/\T* Fg (8) E) which satisfies ttq^ — ^. The 
set of all smooth sections is denoted C°°{-kq). 

The space C°°(7ro) is a C°°(M) module, where (/ • C)([7]) /(s(7))C([7])- In addition, C°°(7ro) = 
TTo{C^{hT*F,®E)) D ^o(Ce°°(0;AT*F,®S)). 

Definition 5.6. Denote by C°°{AT*M;ttq) the collection of all smooth sections of AT*M with coefficients 
in C°°{ttq), and by {AT* M ; AT* Eg (8) E) the collection of all smooth sections of AT*M with coefficients 
tn C^{g]AT*Fs®E). 

There are natural actions of A*{M) on C°°(AT*M; ttq) and {AT* M; AT* E^ ® E), and under these 
actions 

C°°(Ar*M;^o) - ^*(A/)®c~(A./)C°°K), 

and 

C^{AT*M; AT*Eg ® E) A*{M)^c^(^M)C^{g; /\T*Eg ® E), 
with the right completions. Thus ttq : C'^{Q\ AT*Es®E) —* C°°(7ro) extends to the A*{M) equivariant map 

TTo : C^{AT*M; AT* Eg ^ E) C°°{AT*M; ttq). 

A local invariant element is a local section ^ of A'^2) (-^s ' ^) defined on an open subset U d M so that 
for any leafwise path 71 in [/, ^([7]) ~ C([77i]) for all 7 with 5(7) = ?'(7i)- Local invariant elements are 
common. In particular, any locally defined clement ^ e A*2'j{Eg, E) defines local invariant elements. Suppose 
that ^ is defined on a foliation chart U C M for E, and let be the placque in U containing the point 
X. Given y E P^, let 'jy be a path in P^ starting at x and ending at y. Define € L'^{Ly; AT* Eg (8) E) by 
Cj/([7]) = Cx{[yiy])- Then ^ is a local invariant clement of A*2)i-^s, E) defined along P^. By restricting ^ to 

a transversal T in a foliation chart U and then extending invariantly to ^ we obtain local invariant elements 
of ^^2) (-^s , defined over U. One can of course extend this construction from chart to chart as far as one 
likes, for example along any path 7 : [0, 1] ^ L in a leaf L. If 7 is a closed loop, the section at I will not 
agree in general with the section at 0, so one does not in general obtain global invariant sections this way. 

Definition 5.7. A connection V on ttq is a linear map 

V : C°°(AT*Af;7ro) -> C°°(AT*M; ttq) 

of degree one, so that 

(1) forujeA''{M) anrf^e C°°(7ro), V(w 8) = ^m^^ <8) C + A 

(2) for local invariant ^ £ C°°(7ro), and X e C°°{TE), VxC = 0, i. e. V is flat along E; 

(3) V is invariant under the right action of Q ; 

(4) the leafwise operator Vtto - TToVTro : C^{AT* M; AT*Eg ig) E) C°°{AT*M;ttq) is transversely 
smooth. 

The usual proof shows that since V satisfies (1), it is local in the sense that V^(x) depends only on ^\U 
where U is any open set in M with x € U. 

For V to be invariant under the right action of G means the following. Let 7 be a leafwise path in M from 
X ~ 5(7) to y ^ i'{j)- Let ^ be a local invariant section of ttq defined on a neighborhood of the path 7. For 
X €z Vxi we may use the natural flat structure on v to parallel translate X to ^*{X) G i^y. Then we require, 

where the isomorphism i?^ : L^{Ls(^^y, AT* Es®E) L'^{Lr(^)] AT* Es®E) is given by iT!-y(^)([7i]) =^[(717]). 
Note that this condition does not depend on the choice of normal bundle v because the ambiguity involves 
things of the form Vy^ where Y E TE. But this is zero because V is flat along E. 

To see that Vtto - noVTTa is a leafwise operator, let ^ G Cf'(^; AT*F^ ig E), and lo E A''{M). Then 

(Vtto - 7roV''7ro)(w (8 = M"^ " "^IM^ ® = M"^ - V'')(w 83 7ro{0) = 
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TTo(^dMOJ (8) MO + A V7ro(0 - dnUJ ® MO - (-1)''^ A V''7ro(0) = 

(-l)^7ro (c^ A (V - V'')^o(0) - (-1)'^ A (Vtto - TroV'^^o)^, 

so Vtto — TrgV^TTo is a leafwise operator. 

Next we show that C^{AT*M; AT*Fs(g)E) is in the domain of TroVTTo. Wc identify C^'{AT*M; AT*F,® 
E) with the subspace C^iAv^ (g) AT*Fs (g> E)) of C°°{Avl ® AT*F, ® E)). Now a^(7ro) = [^,770], and (by 
assumption) it is transversely smooth. Thus we have 

V"^ 710 = ^0^^ + 9,(^0), 

so 

The domain of the operator on the right contains C^(Ai/* ® AT*Fs ^ E). 
Lemma 5.8. ttoV is a connection on tto. 

Proof. Since ttq commutes with the action of ^*(M) on C°°(Ar*A/; tto), to show that ttoV maps the space 
C°° {at* M; ttq) to itself, we need only show that for any local section E C°°(7ro), and any local vector field 
X on M, 

(noVOiX) = M^x'^'O - M^xO 

is in C°°(7ro), where X is the lift of X to lys- As ^ e C°°{M, it is in C^{AT*Fs (g) E) and noiO = so 
V^TToC = V^C e C^{AT*F, (g) £;). As tto is transversely smooth, ij^d^{MiO ^ C^{AT*F, ® E). Since 
TToV = Vtto + 9,^), we have (TroV^^K^) S Cf{AT*Fs ® E). Finally, as vrg = tto, 7ro(7ro(V^e)) = 
M^xO- Thus (ttoVOI^) e C°°(7ro), and ttqV^ maps C°°(AT*M; ttq) to itself. 

The operator ttoV^ satisfies (1) because ttq commutes with the action of ^*(A/) on C°°(Ar*A/; ttq). In 
particular, for uj E A'^{M) and ^ G C°°(7ro), we have 

■KoV''{s*uj(gC) = 7rop,(r*(VF (g V£;)(s*u;(8)^)) = 

TToP, (de(s*w) ® C + {-l)''s*uj A r*(VF ® Vb)^) = 

nop^{s*dMLU ®0 + (-l)''7rop,(s*w A r* (V p ® ^ e)0 = 
s*dMUJ (8) M + {-l)''s*uj A 7ro/9^r*(Vi^ V^)^ = d^t^ 8> C + (-1)''^ A ttoV^. 
To show that ttqV^ satisfies (2), let X E TF^, ^ be a local invariant section of ttq defined near x, and 
[7] E Lx- The fact that ^ is invariant means that there is a section ^ of AT*F ® E defined in a neighborhood 
of r(7) so that ^ = r*^ in a neighborhood of [7]. Recall that Vg = TFr © vg. Since X E TF^, X E TF^ and 
r^{X) = 0. Now 

7roV^e = 7ro(r*(Vj^®Vi5)jj(C)), 

but at [7], 

(r*{VF®'^E)x{0)[l] = (VF®VB)^^(^[^])f= (Vi.®V£)of=0, 

so ttqV^C = 0. 

We leave it to the reader to check that ttoV^ satisfies (3) of Definition 15. 7i which is a straight forward 
computation, using the fact that for X E Vx and [7] E L^, r»(X[-y]) = 7, (X), the parallel translate of X 
along 7 to Vr(-i)- 

ttqV^ obviously satisfies (4). □ 

Remark 5.9. IfV^ is another partial connection, then the difference V'^ — V is a leafwise operator which 
satisfies the hypothesis of Lemma \3.3\. so TroVTTo — ttoV^tto = 7ro(V'^ — V^)'Ko is transversely smooth and 
TToV^ is also a connection on ttq. So, as in the classical case, the space of connections is an affine space 
whose linear part is composed of transversely smooth operators. 
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Now suppose that V is any connection on ttq . Define the curvature of V to be 

e = w^. 

The usual computation shows that is a leafwise operator, that is 

Lemma 5.10. For any lu e A*{M) and any ^ e C°°(7ro), V^(w (g) = A V^(0- 

Denote by C°°{AT*M;A*2-f{Fs (gi E)) the space of aU smooth sections of AT* A/ with coefficients in 
A*2)i-^s^E). Smoothness means that the section is smooth when viewed as a section of Ai'*^AT*Fs0E over 
Q. Extend V to an operator on C°°{AT*M; A*2)i-^s ® E)), by composing it with the obvious extension of ttq 
toC°°(Ar*M;y^^2)(^^®^))- The curvature of VoTTo, is given by (Vottq)^ = VottooVotto = VoVotto = Oottq, 
since ttq o V = V. We wiU also denote these new operators by V and 6. Note that although V is an operator 
which differentiates transversely to the foliation Eg, the operator 6 is a purely leafwise operator, thanks to 
Lemma [5.101 Also note that 

Lemma 5.11. 9 is transversely smooth. 

Proof. Set A = ttoVtto — ttqV^ttq, a transversely smooth operator. Then 

= (ttoVtto)^ = TToVTroV^TTo + TroViroATTo + TToAiroVTra + A^ . 

As A is transversely smooth, so is A^ . Since ttqA = Attq ~ A, the terms 

TToVTroATTo + TToATToVTro = ttoV^Atto + TToAVTro = TToiV, yl]7ro = nndi,{A)nQ, 

which is transversely smooth. Now V^ttq = ttoV'^ + (3^(7ro), so 

TToV^TToVTro = 7ro(V'^)^7ro + ■Kody{-Ko)V tto = ttoO^ttq + 7ro5i.(7ro)7roV'^ + 7ro9^(7ro)9i.(7ro). 

The curvature 9'^ = (V^)^ satisfies the hypothesis of of Lemma [5751 As ttq is transversely smooth, it follows 
from Lemma 13.31 that tto^'^tto is transversely smooth. Using the facts that di, is a derivation and ttq is an 
idempotent, it is a simple exercise to show that 7^08^(7:0)710 = 0. Finally, 7ro9iy(7ro)9,y(7ro) is the composition 
of transversely smooth operators, so transversely smooth. Thus 9 is transversely smooth. □ 

Set 

k=l ^ ' 

and consider the Haefliger form Tr(7roe^^/2''^). (Note that 2i7r is the complex number.) 

Theorem 5.12. The Haefliger form Tr(7roe^^/^*'^) is closed and its cohomology class does not depend on 
the connection used to define it. 

Proof. The zcro-th order term of Tr(7roe~^/2*'^) is Tr(7ro), and since ttq is a uniformly bounded leafwise 
smoothing operator, we have (see |BH08| ). 

dff Tr(^o) = Tr(9,(7ro)) = Tr(a,(7r2)) = 2 Tr(7roa.(7ro)) = 2 Tr(^o5.(^o)7ro) = 0. 
since ttq is a {Q invariant transversely smooth) idempotent. 
Lemma 5.13. For k > 0, dH^T:{9'') = 0. 
Proof. First note that for fc > 0, 

[V,6i'=] = [V,V^'''] = V o V^'' - V^'' o V = 0. 
Also note that V = ttoV^tto + A, where A satisfies the hypothesis of Lemma as does 9^ . Thus 
= Tr([V,0'=]) = Tr([^oV'^^o+A^']) = Tr([7roV''^o, ^'D = 
Tr(7roV''6l'^ - 6''=V''7ro) = Tr((7ro - l)\/''9^ + V'^e*''' - e^'^'V' - 9^\/''{7To - 1)) = 
Tr((7ro - 1)V'^6''=) - Tr(6''=V''(7ro - 1)) + Tr([V^ 6''^']). 
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Note that the three terms are well defined since the three operators are ^*(M)-equivariant. As 9 = ttqO ~ 
Ottq, 6'' = ttqB'^tto, and we have 

Tr((7ro - 1)V''0'=) = Tr((7ro - l)V'^^o0'=7ro) = Tr((7ro - l^Ve'^Tro) + Tr((7ro - l)a,(7ro) S'^o) = 0, 

since both terms are zero. The first term is zero because (ttq — l)7ro = 0. The second term is zero because 
both (tto — 1)9^ (ttq) d'^ and ttq arc Q invariant and transversely smooth, so by Lemma |3.4[ 

Tr((7ro - ^'Vo) = TrK(7ro - l)5,(^o) O") = 0. 

Similarly, 

Tr(0'=V''(7ro - 1)) = 0. 

Thus, 

= Tr([V^6l'=]) = Tr(9^(6i'=)). 
It follows easily from Lemma 6.3 of [BH08| that dH Tr(6''°) = Tr(9y(6''^)), so we have the Lemma. □ 

To complete the proof of Theorem 15. 121 we note that a standard argument in the theory of characteristic 
classes shows that 

Lemma 5.14. The Haefliger class o/ Tr(7roe~^^^") does not depend on the choice of connection V on ttq. 

□ 

Definition 5.15. The Chern-Connes character cha(7ro) of the transversely smooth idempotent ttq is the 
cohomology class of the Haeflliger form Tr(7roe^^/^*'^), that is 

ch,(7ro) = [Tr(7roe-«/2-)]. 

Remark 5.16. In [H95j . |BH04j . and [BH08| we defined Chern-Connes characters for various objects. It 
is clear from the results of those papers that the definition given here is consistent with those definitions. 
In particular, if V ~ ttoV is a connection on ttq constructed from a connection \/ f E on AT* F (E) E, 
then the material in Section 5 of [BH08| (which shows that the definitions of |H95j and |BH04| coincide) 
along with the comment after Definition 3.11 of jBHOSj shows that the Chern-Connes character given here 
foriTQ and the Chern-Connes character for ttq given in |BH08j are the same. Thus all three constructions of 
cha(7ro) yield the same Haefliger class. 

Remark 5.17. Note that in Sections\M and\^ we may replace the bundle AT*Fs ® E by any bundle on Q 
induced by r from a bundle on M , and the results are still valid. 

Before leaving this section, we record some facts we will need later. In particular, we show that any 
connection V is local in the sense that for X transverse to F and any local invariant section ^ of ttq, 
depends only on ^ restricted to any transversal T with X tangent to T. See Corollarv 15.211 below. 

Lemma 5.18. Let U be a coordinate chart for F. There is a countable collection of smooth local invariant 
sections of ttq on U which spans C°°{ttq) \ U as a module over C°°(U). 

Proof. Let T be a transversal in U. The set s~^{T) is covered by a countable collection of coordinate charts of 
the form {U, 7, V). In each chart, choose a countable collection of smooth sections {^^ '''} of /\T*Fs (E) E with 
support in ([7,7,1/) n s~^(T) so that for any section ^ of A*2)i^s, E), ^\ iU,^,V) n s~^{T) may be written 

as a linear combination (over the functions on s{U, 7, V) n T) of the {^^'"'}. Now extend the elements of this 
set to local invariant sections over U, also denoted {C^''^}. The collection of sections of C°°(7ro) | U 

V,'y-,i 

then spans C^('7ro) | [/ as a module over C^iU), and the 7ro($f'^), are locally invariant sections over U. 

□ 

As a consequence, we deduce the following. 
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Corollary 5.19. // two connections V and V on ttq agree on local invariant sections, then they are the 
same. 

Note that the bundle E = r*E is flat (in fact trivial) along the leaves of the other foliation Fr of Q, since 
its leaves are just r~^{x) for x e M. Denote by dr the obvious differential associated to AT*Fr <E) E. Given 
a local section ^ e C^{/\T*Fs E), we may view dr^ as a local element of C°°{AT*M; AT*Fs ® E). Note 
that dl^ = 0, and i is locally invariant if and only if dr^ = 0. Note that for i € C°°(7ro) and X e C°°(rF), 
VxC = dr£,{X). To sec this, write ^ = Qj^j, where G yl^2)(-^s, E) arc local invariant elements, and the 
gj are smooth local functions on M. Then Conditions (1) and (2) of Definition 15.71 give 

3 3 3 

Let [/ be a foliation chart for F with transversal T, and V a connection on ttq. Then on U , V is the pull 
back of V restricted to ttq | T. More specifically, for X tangent to T and ^ e C°°(7ro | T), with local invariant 
extension ^ to C°°(7ro | U), define 

Vl^ = Vxl 

We may assume that U ~ M'' x T with coordinates {x, t) and plaques MP x t. Denote hy p : U T the 
projection. Let x e U and X G TM^, and set ^ x x T. Write X = + P*{X) where e TF^^ and 
p*{X) is tangent to T^. Let ^ G C°°(7ro | U), and define the pull back connection p*{\/'^) by 

P*(V^)xe = ) + Vj^(;,)(e I T,) = + Vp,(x)(i^), 

and extend to C°°{AT*U; ttq) by using (1) of DcfinitionOand the fact that C°°{AT*U; ttq) ~ A* {U)(E)c^(u) 

Denote the curvature (V^)^ of V"^ by 9t- 
Proposition 5.20. W\U ^ /o*(V^), ande\U ^ P*{Ot)- 

Proof. Let ^ e C°°{ttq \ U) and suppose that X e TF, so Xp = X and p^{X) = 0. Then 

Next suppose that ^ is local invariant, and X is tangent to T!r, so Xp = and p*{X) = X. Then 

P*(v^)xe = Vp.(x)(m^) = vxe, 

since | T^) = ^, as ^ is local invariant. Thus V | U and p*(V"^) agree on local invariant sections, so they 
are equal. 

For the second equation, writing p*{S/'^) = d,. + V^, we have 

9^ = dli + V^dri + drV^i + {V^fi = (V^)2^, 

since d^ = and o = -dr o V^. But, with the notation p*{V^) ^ dr + V^, (V^)^^ = P*(^t)C- □ 

The following is immediate. 

Corollary 5.21. V is local in the sense that for X transverse to F and any local invariant section ^ o/ttq, 
VjfC depends only on ^\T where T is any transversal with X tangent to it. 

6. Leafwise maps 

Let M and M' be compact Ricmannian manifolds with oriented foliations F and F' . The results of 
this section do not require F or F' to be Ricmannian. Let f : M ^ M' be a smooth leafwise homotopy 
equivalence which preserves the leafwise orientations. (We need only assume transverse smoothness, and 
leafwise continuity. A standard argument then allows / to be approximated by a smooth map.) Suppose 
that E' M' is a leafwise flat complex bundle over M' which satisfies the hypothesis of Theorem 19. 1[ and 
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set E = f*{E'). Let g : M' ^ M be a leafwise homotopy inverse of /. Then there are leafwise homotopies 
h: M X I ^ M and h' : M' x I ^ M' with / = [0, 1], so that for all x e M, x' € M' 

h{x,0)^x, h{x,l) = go f(x), h'{x',Q)^x', and h'{x' ,1) = f o g{x'). 

We begin by recalling two results on such leafwise maps from [HL91j . 

Lemma 6.1 (Lemma 3.17 of |HL91| ). Given finite coverings of M and M' by foliation charts, there is a 
number N such that for each placque Q of M' , there are at most N plaques P of M such that f{P) HQ ^ ib. 

Thus / is leafwise uniformly proper and so induces a well defined map /* : H*(L^^^pM) Ii*{L^;M.). In 
general this map docs not extend to the leafwise forms, as shown by simple examples. 

Lemma 6.2 (Lemma 3.16 of |HL91j ). For any finite cover of M by foliation charts there is a number N 
such that for each placque P of M , there are at most N plaques Q such that h{Q x I) H P ^ 

Note that this lemma implies that there is a global bound on the leafwise distance that h moves points, 
i. e. there is a global bound on the leafwise lengths of all the curves {-fx \x £ M}, where -fxit) = h{x,t). 

We remark that since / is a homotopy equivalence between M and M' , the dimensions of M and M' are 
the same. 

Theorem 6.3. / induces an isomorphism f* : H*(A/'/_F') s- H*(il//_F) on Haefliger cohomology with 
inverse g* . 

Proof. The map / induces a map / on transversals. In particular, suppose that (7, and U' are foliation 
charts of M and M' respectively, and that f{U) C U'. If T and T' are transversals of U and U', then / 
induces the map / : T ^ T'. 

Lemma 6.4. f : T —t T' is an immersion. 

Proof. Being an immersion is a local property, so by reducing the size of our charts if necessary, we may 
assume that g{U') C Ui where Ui is a foliation chart for F, with transversal Ti. Then g : T' ^ Ti. The 
leafwise homotopy h induces a map ft, : T — > Ti . In particular this is the map induced on transversals by the 
map a; h(x, 1). Since h is continuous and leafwise, it is easy to sec that h = hj where hj is the holonomy 
along the leafwise path -fxit) ~ h{x,t), where a; G T. Thus, h is locally invcrtiblc. Since ft is a homotopy of 
gf to the identity, the composition, h^^gf : T ^ T is the identity, so / must be an immersion. □ 

Since g must also be an immersion, it follows immediately that the codimensions of F and F' are the 
same, and so the dimensions of F and F' are also the same. 

To construct the map /* : H*(M'/i^') II*(M/F), we proceed as follows. Let U and W be finite good 
covers of M and M' respectively. We may assume that for each U E U, we have chosen a. U' E W so that 
/([/) C U' and that the induced map on transversals / : T ^ T' is a diffeomorphism onto its image. Let 
a' e }i*{M' / F'). Since / is onto, we may choose a Haefliger form (j)' — ^ (j>'ij in a', so that (j>'jj has support 

in /(T) where T is a transversal in U. We then define f*{ce') to be the class of the Haefliger form f*{4>u)- 

The question of whether /* is well defined reduces to showing the following. 

Lemma 6.5. Suppose that Ui and U2 are foliation charts on M with transversals Ti and T2. Suppose further 
that (j)' is a Haefliger form on M' with support contained in /(Ti) H /(72). Then as Haefliger forms on M, 

[/ItJ*(0') = [7|tJ*(0')- 

Proof. Set fi = f I Ti. By writing (f)' as a sum of Haefliger forms and reducing the size of their supports, we 
may assume that the support of 4>' is contained in a transversal T', that g{T') is contained in a transversal 
T of M and that the holonomy maps hi : Ti ^ T determined by the paths 7i(t) = h{xi,t), for Xi € Ti are 
defined on the supports of /*(</>'), respectively. Further, we may suppose that all the maps /i, /2, fti, ft2 and 
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g |t' are difFeomorphisms onto their images. Since ft, is a homotopy of gf to the identity, fi =g ^ o hi and 
h = g-' ° h2, so 7r(0O = hi o ir'n4'') and = hi o (r')*(0')- Tims, f^{(^') = h*, o {h^'nfUcf'')) 

so as Hacfliger forms, fi{(f)') = /|( ^ 

It now follows easily that the induced map on Hacfliger cohomology /* : H*(i\/'/_F') ll*{M/F) is an 
isomorphism with inverse g*. □ 

Lemma 6.6. / induces a well defined smooth leafwise map f : Q —f Q' , which is leafwise uniformly proper. 

Proof. Set /([7]) — [/ o 7]- That / is well defined and smooth is clear. Similarly, set 5([7']) — [g ° 7']- 

Let be a finite good cover of M. Since M is compact, there is a bound m{P) on the diameter of any 
plaque in the cover lA. Then m{P) is also a bound for any plaque of Eg in the corresponding cover of Q. 
Let U' be a finite good cover of Af', such that for each U' G W there \s U G U so that g{U') C U. Given 
{U'j-f'jV) in the cover of Q' corresponding to U' , choose U,V E U with g{U') C U and g{V') C V. If we 
set 7 = g o 7', then g{U', 7', V) C (C/, 7, F). Because W is a good cover, there is e > so that if Zq, z[ e i' 
with di,{z'o,z[) < e, then there is a ([/',7',y) with z^|,zi e (C/',7',y); so 5(z^)),5(zi) e {U,-f,V). Since 
.g(L') n ([/,7,y) consists of at most one plaque of g{L'), it follows that dj^{g{zQ), g{z[)) < m{P). Thus, if z^ 
is a path in L' of length less than C, then g o Zj is a path in g{L') of length less than m{P)C /e. 

Suppose that f{x) = x' and let A' C L'^, have diameter dia(A') < C. Let Zg, Zi G L^, with /(z^) = z[ g A', 
and choose a path z^ in Lf^, of length less than C between Zq and zj. Then go z[ is a path in Lgf(^^^ of length 
less than ni{P)C/e. Composition on the right by the path ^x{t) = h{x,t) is an isometry from to L^. 

So {g o Z() • 7a; is a path in Lj, of length less than m{P)C/e. Thus 

dzMa ° 4) • 7.]' ° 4) ■ 7x]) < m{P)C/e. 
By Lemma (6.21 the path jy has length bounded by say B, for all y £ M. Set = r(zi), and note that 
[jy^ ■ {g o z^) • 7^,] = Zi, since /i is a leafwise homotopy equivalence between g o f and the identity. As 

dzS^^, [{9 ° ^0 • lx\) = di^{[ly^ ■ {g o zl) ■ 7^], [{g o z[) ■ 7^]) < length(7.yj < B, 

we have 

dj^^ (zo, zi)<2B + m{P)C/e. 
Thus dia(/^^(A')) < 2B + m{P) dia(A')/e, and / is leafwise uniformly proper. □ 

Thus / induces a well defined map /* : II*(i^^^j;M) II*(La;;R). As noted above, in general this map 

does not induce a well defined map on leafwise forms. We will use two different constructions to deal 
with this problem. First we adapt the construction of the pull-back map of Hilsum-Skandalis in |HiS92| 
to our setting. This has the advantage that it is transversely smooth. However, it is not obvious that its 
action on leafwise cohomology respects the wedge product, so we will also use the construction in [HL91| . 
which is based on results of Dodziuk, |D77| . We assume the reader is familiar with Sobolov theory of spaces 
of sections of a vector bundle over a manifold. 

For s e Z, denote by W*{Fs,E) the field of Hilbert spaces over M given by W*{F„E)x = Wt^L^.E), the 
s-th Sobolcv space of differential forms on with coefficients in E\Lx. Just as it docs for the leafwise 1? 
forms, the compactness of M implies that these spaces do not depend on our choice of Riemannian structure. 
Note that W*^ C W*^^ if s > si, and set 

WUF,,E) = fl Wt{F,,E) and W1^{E,,E) = |J W:{E,,E). 

sGZ sGZ 

Equip W^^ {Eg , E) with the induced locally convex topology. 

Let i : M' ^ M'"" be an imbedding of the compact manifold M' in some Euclidean space R*^ , and identify 
M' with its image. We assume for convenience that k is even. For x' £ M' and t e M''', define p{x',t) 

to be the projection of the tangent vector X* = — | s=o{x' + st) at x' determined by t, to the leaf L'^., in 

{AI',E') C M'^. In particular, first project X* to TE^,, and then exponentiate it to L'^,, thinking of L'^, as a 
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Riemannian manifold in its own right. Since M' is compact, we may choose a ball C K'^ so small that the 
restriction of the smooth map Pf ^ po {f, id) : M x B'^ M' to any pf : Lx y- B^ ^'f(x) ^ submersion. 
Lifting this map to the groupoids, wc get 

Pf.g^ B'' g', 

which is a leafwise map ii G x B^ is endowed with the foliation Fg x B^ . Note that pf : Lx x B*' ^'f(x) 
is the map induced on the coverings by pf : Lx x B^ —> L'^^^^y In particular, p/([7],t) is the composition of 
leafwise paths -P/(7, t) and / o 7, 

where P/(7, t) : [0, 1] ^ is 

To see that this is a smooth map, let (J7, 7, V) x B^ and ([/', / o 7, T^') be local coordinate charts onQ x B^ 
and Q' , respectively, with coordinates {w,y,z,t) and {w' ,y' , z'). Then in these coordinates, 

Pf{w, y, z, t) = {w'{f{w, y)),y'{f{w, y)), z'{pf{y, z, t))), 

where the second p/ is the map pf : V x B^ V' . 

The crucial fact about p/ is that it has all the same essential properties of the projection tti : Q x B^ Q. 
First note that, because / and / are leafwise uniformly proper and M x B^ is compact, both the maps 
denoted pf are also leafwise uniformly proper. Second, we may assume that the metric on each Lx x B^ 
(respectively Lx x B^) is the product of a fiberwise metric for the submersion pf and the pull-back under pf 
of the metric on i^j^-j (respectively L'^^^-^). To see this, give L x B^ the product metric, using the standard 
metric on B^ . The induced metric on i x B^ is then the product metric. The fibers of both submersions pf 
inherit a Riemannian metric, and we denote by dvol^ert the canonical k form on both L x B^ and L x B^ 
whose restriction to the oriented fibers of is the volume form. Denote by * the Hodge operator on both 
Lx B^ and L x B^ , and similarly for on L' and L' . Consider the sub-bundle p*fT*F' C T*{F x B^), and 
its orthogonal complement pjT*F'^. Define a new metric on T*{F x B^) ~ p*^T* F' @ p*^T* F' ^ (and so also 

on T*{Fs X B^)) by declaring that these sub-bundles are still orthogonal, and the new metric on p*jT*F'^ 
is the same as the original, while the new metric on p*j:T*F' is the puUback of the metric on T*F' . Denote 
the leafwise Hodge operator of the new metric by *. As remarked above, this change of metric does not alter 
any of our Sobolev spaces. In particular, note that for any non-zero a £ /\^T*{F x B^) and any c G M!!j_, 

ca A 'ica a /\^a 

< = , 

ca A *ca a A *a 

so the compactness of the sphere bundle {A^T*{F x B^) — {0})/R!^ imphes that there are < Ci < C2, so 
that for all a G a'^T*{F x B^), 

Ci a A *a < a l\^a < C2 a A 

where we identify the oriented volume elements of i x B'^ at a point with ]R!j_. This property is inherited by 
the two induced metrics on T*{Fg x B^), so the two norms used to define the Sobolev spaces Wg{Fg^ E) are 
comparable. Thus, we can substitute the second metric for the first, or what is more notationally convenient, 
assume that the first metric satisfies the same pull back property as the second. 

Simple computations give two immediate consequences of this assumption. Namely, for any Q;i,a2 G 

a^t*f;, 

6.7. p^ai A *p^a2 — dvolyert ^ P*f{<^i *'c(2), 

and 



6.8. 



dvolyert ApyOi A *{dvolyert /\ P*f 0-2) 



= dvolyert Ap^(ai A *'a2). 
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Denote by 7r2 : ^ x B'' B'' the projection, and choose a smooth compactly supported fc-form lo on 
B'^ whose integral is 1. We shall refer to such a form as a Bott form on B''. Denote by Cuj the exterior 
multiphcation by the differential fc-form 7r*w on ^ x B''. For ^ € E'), we define f^'''^HO S Al{Fs,E) 

as 

/(^.-)(^) = (7ri.,oe^op*)(0. 

The map Pf : G ^ B^ — > Q' is a leafwise (for Eg x _B'"') submersion extending /, so P*f{C) is a leafwise form 
on X with coefficients in the bundle P*fE' . The map tti is integration over the fiber of the projection 
Til : Q y. B^ Q of such forms. In general, the fiber of P*fE' is not constant on fibers of the fibration 
TTi : X B'^ Q. To correct for this, we use the parallel translation given by the flat structure oi p*jE' to 
identify aU the fibers oip*jE' | z x S'" with (p}-B')(z,o) = {f*E')z = (/*£")r(2)- This is well defined because 
the ball B'^ C M'^ is contractible, so parallel translation is independent of the path taken from (z, 0) to (z, t) 
in z X B''. 

Proposition 6.9. For any s <E Z, /t'^'^' extends to a bounded operator from W*{E^, E') to W*{Fs, E). 
Proof. For this proof only, for ai (E) 4>2 and a2 (g 02 G A*{Es, E), we set 

(ai (K) A (a2 (/)2) = (0i, (/)2)ai A a2 and (ai (g) 0i) A *(a2 » (t>2) = (^i, (?!)2)ai A *a2, 

where (•, •) is the positive definite metric on E. Similarly for A*{F^, E'). 
Since p/ is leafwise uniformly proper. 



C = sup / dvolyert < +00. 

h']eg' Jpj'ih']) 

Thanks toO we then have for any a ® </> e Ai{L'^(^^y E') = C^{L'; A^T*L'^.^^~^ (g E'), 

\\p*f{{a® 4>)fi^^))\\l = / {j))(j),p*f(j})p*faA*p)a = I {j))(j),p*f(j))dvolyert f\p*f{a A a) 



L', 



dvoly 



ert 



)aA*'a < C I {(j),(j))a A^'a = C||ag)0||o 
L' 



This inequality extends to all ^ e yl^2) (^'/(a:)! ^ (-^'/(a)' ^o p^. extends to a uniformly bounded 
(i.e. independent of x) operator from W^{L'ji^__^yE') to Wq{Lj; x B'',p*jE'), that is defines a bounded 
operator from W^{F^,E') to W^^F^ x B'',p*E'). 

Choose a sub-bundle H C TF®TB^ so that for each L^:, it is a horizontal distribution for the submersion 
Pf : Lj^y. B^ ^ L'j^.^y The map (r x zd)* : TFs © rS*-' ^ Ti^ © TB^ is an isomorphism on each fiber, so H 
determines a sub-bundle H of TFs © TB*^, and | x B'^ is a horizontal distribution for the submersion 
Pf : Lx X B'^ ^'f(x)' Choose a finite collection of leafwise vector fields Yi, . . . , Yn on M' which generate 
C^iTF') over C°°(M'). Lift these to leafwise (for F'J vector fields Yi,...,Yn on G' , and hft these latter 
to sections of H, denoted Xi, . . . , X^. If X""^^* is a vertical vector field on L x B'^ with respect to pf, then 
ijfi,ert o pj. = 0. Modulo such vector fields, the Xi generate TL © TB'' over C°°{L x B*-'). In addition, 
op} P*f ° ^Yj- Thus, for any ^ G ^^(L^^^j, S'), any Yr: Yfej A • • • A Yfc^, and any ji, . . . with 
J. e {l,...,iV}, 

¥x,,d---zx,yip}mYKmo = \\p}i^Y,J■■■^Y,„AaYKmo 

< VC\\iY,^d---iY,yiaYK))\\o- 

A classical argument then shows that for any s > 1, P/ extends to a uniformly bounded operator from 
W^iL'^^^yE') to W^(Lx X B^,p)E'), that is a bounded operator from W^^iK^E') to VFf(F^ x B^,p)E'). 
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The operator maps Wg{Lx x B^,p*jE') to Wg^^{Lx x B^,p*^E') and is uniformly bounded, since uj 
and all its derivatives are bounded. Thus for s > 0, e^^ o is a bounded operator from Wg{Fl,E') to 
W^+^{Fs X B^,p*fE'). 

For the case of s < 0, we dualize the argument above. Denote by p/^* integration of fiber compactly 
supported forms along the fibers of the submersion pf. We claim that for any a G A'^'^^ {L^ x B^), 

6.10. p f ^^,a /\ p f ^^,a < C pf,^,{a A *a), 

where, as above, we identify the oriented volume elements of at a point with M^j.. Any such a may be 

written as a = ai + 012, where p/,*(a2) — 0, and ai — dvol^ert A as, with G C^(py-(A^r*L^^^p). Then 

p/,*(aA*a) = p/,*(q;i A *Q!i) + P/\*(a2A*a2) + P/,*(q!i A *q;2) + P/,*(q!2 A *q;i). 

The last two terms are zero, since ai A *a2 = as dvol^ert A *a2 — 0, and p/,*(q;2 A *ai) = since 0:2 A *ai 
does not contain dvolyert- Thus 

P/^*(q!A*Q!) = pf ^,{aiA*ai) + P/,*(q!2 A *q;2) > P/_*(q;i A *ai). 

But, 

P/^*ai A *'p/^*Q!i = pf^^a A *'p-f^^a, 

so we need only prove I^TTUl for a = dvolyert A 013, with as € {pj{A^T* L'j: ^^^)) . 

Choose a finite collection of sections Pi,... ,f3r of A^T*F' , so that /J^ A ~ Q \i i ^ j, and the /3i 
generate C°°{a'^T*F') over C°°(A/')- Denote also by /3, the lift of these sections to sections of a'^T*F^. 
Then, a = dvolyert A , may be written as 

a = ^.gi dvolyert Ap*ff3i, 

i 

where the gi are smooth compactly supported functions on Lx x B^ . Now, 

p/,,a A = '^Pf,*{gi dvolyert) Pt A *''^pf^^{gj dvolyert) l3j = y^Jpf,*{gidvolyert)Tl3i A *'l3i. 



Thanks to[ 

p/,*(aA*a) = pf^^(^{gi dvolyert A p*j: Pi) A *'^{gj dvolyert A p*j:Pj)) = 

i J 
Pf,*(y^.9i9] dvolyert Ap*f{Pi A *'Pj)) = y^.PfAgj dvolyert)Pi A *' Pi > 

^ [pf.^{g^ ■ ldvolyert)Y g . ^ 1 r ^ ^ ; M2fl a 'fl ^ a ' 

2^ (\ dvol ) P"-^*""- - c 2^[Pf.*{9i dvolyert)] Pi A * Pi ^ — p/,,a A * p/,H.a, 

i Pf^* \ vert ) ^ 

proving [6. 101 Note that the second to last inequality is just Cauchy-Schwartz. 
Thus, for all a G yt^+^(Z^ x 



lb/,*"llo = / Pf,*a A *'pf,^,a < C pf^aA^a) = C 

JL', > JL', > 



a A*a = C llalln. 



Using the facts that pf^^ commutes with the de Rham differentials, p/.* o ix^irt ~ and iy^ °Pf,* = Pf.* ° ix, , 
it is easy to deduce, just as for pj, that for any s > 0, pf^^ o extends to a uniformly bounded operator 

(say with bound C,) from W^{Lx x B^,p)E') to W^,{L'f^^y E'). Now suppose that e W^^iL'^^^y E') for 
some s < 0; and recall that \\{e^ °P/)(C')lls is given by 

(e<^°P/)(OU = sup r-ii < sup — < CsllCIU, 
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where the supremums are taken over aU ^ e Wi^{Lx X B^,p*E'). Thus, for any s < (and so for all s e Z), 
eai°P*f is a uniformly bounded operator from W^{L'j^^^y E') to x B'^,p*j:E'), so e^op*^ is a bounded 

operator from to Wi{Fs x B'',p)E'). 

For all s G Z, the image of o consists of TTi-fiber compactly supported distributional forms. The 
argument above for p/^* applied to tti,* shows that it is uniformly bounded as a map from Im(etj o c 
W^+^{L^ x B'',p*jE') to W^{L^,E). Thus, for all s e Z, /('''^) extends to a bounded operator from 
M^i(Fi,i?')to W^f(^^„i?). □ 

As Lu is closed, commutes with dc Rham differentials. The image of o is contained in the tti- 
fiber compactly supported forms, so /('^'^' = tti^* o o p*j: commutes with de Rham differentials. It follows 
immediately that the extension of /(*''^) to the forms also commutes with the closures of the de Rham 
differentials, so induces a well defined map /* : H*2)(Fg, ii^') — > H(2)(i^s,£') on leafwise reduced 

cohomology. As remarked above, the properties of this map (using this definition) are not immediately 
obvious. To deal with this problem, we now switch our point of view to that in |HL91j . and give another 
construction of the map /*. 

Let K = [^Kj^ be a bounded leafwise triangulation of Eg, (see jHL91| ) induced from a bounded leafwise 
L _ 
triangulation to E. Then Kj^ is a bounded triangulation of the leaf L. A simplicial /c-cochain ip on Kj^ with 
coefficients in E assigns to each fc-simplex a of Kj^ an element (p{ij) G E^r, the fiber of E over the barycenter 
of a. To define the co-boundary map 5, we identify E„ with the fibers of E over the barycenters of the 
simplices in the boundary of a using the flat structure of E. This is well defined since a is contractible. 
Denote by C'^^^{Ky^,E) the space of simplicial fc-cochains (p on K-j^ with coefficients in E such that 

J2 (^(a),<^(a)f/2 <+^. 

(T A;-simpIcx of Kj^ 

The homology of the complex {C*p-^{Kj^,E),5) is the P' cohomology of the simplicial complex Kj^ with 

coefficients in E. It is denoted ^(L, E). The classical Whitney and dc Rham maps extend to well defined 
chain morphisms 

W : Cl){K~^, E) ^ AI^Cl. E) and j : ^^^)(Z, E) ^ Cl^){Kj^,E), 

which induce bounded isomorphisms in cohomology (which are inverses of each other), with bounds inde- 
pendent of L. for p = 1,2. See |HL91| for p = 2, and |GKS88| for p = 1. As above, to define these maps, we 
use the classical definitions coupled with the fact that for any point x G cr, the fiat structure oi E\a gives a 
natural isomorphism between E^ and E^. 

Let fK,K' ■ Kj^ ^ K'-^ be an oriented leafwise simplicial approximation of / as in |HL91j . It is uniformly 
proper, so it defines a pull-back map on ^P cochains with coefficients in E' , which commutes with the 
coboundarics. The induced map on cohomology is also denoted f^. Set f^ = Wof^of 

Proposition 6.11. f = : H^^^ (i^;, i?') ^ Hf2)(F„i?). 

Proof. As B'' is a finite CW-complex, the map pf induces the well defined map 

pIa ■■ ^*aAL\ E') ^ Hl_2(£ X B\p}E'). 

Denote by (3 the simplicial k cocycle ^o; on B^ , and by 7r2 : i x B^ B'' a simplicial approximation (after 
suitable subdivisions) of the projection. We choose the subdivision fine enough so that the cup product by 
the bounded k cocycle tt^/? induces the well defined map 

[/3]U : lll^,{L X i?^p}i?') ^ H^t2,c(^ X B'',p}E'), 
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where 2 ^ :P*fE') denotes the £^ simphcial cohomology of cochains which are zero on any simplex 

that intersects the boundary of L x , that is "fiber compactly supported" cocycles. Cap product with the 
fundamental cycle [B^] of i?*^ gives the map 

n[B'] : ^ZIcCl X B\p)E') ^ Hl,2(Z,i?). 

Denote by H(2) c(-^ x B^,pjE') the cohomology of forms which are zero on some neighborhood of the 
boundary L x B''. Note that x B'',p*E') is a module over H^_2(^ x B''), H*2)(Z x B'',p*jE') is a 

module over H(2)(Z x and n[S'^'] : H^+2,c(^ x B'',p)E') B*^^^{L,E) is defined. Then, the following 
diagram commutes. 

P*fA ~ [PP ~ ^[B''] 



P*f ~ [wlA , _ TTl 



H^2)(i',i?') H^2)(i X H*2Y;(L X — H^iL^E). 

Since p/ is a smooth submersion, it defines the bounded operator p^ : H'^^-^{L' ,E') H(2)(i x B^,p*fE'), 
and W op*j ^ = p*j oW hy the naturality of the Whitney map. The square in the middle commutes because 
W is compatible with cup and wedge products in cohomology and W[[3] = [a;]. Finally the RHS square is 
commutative because W is compatible with cap products, and integration over the fibers of tti is exactly 
cap product by the fundamental class in homology of B^ . 

The bottom line of this diagram is /*, so we need only show that 

W or][B'']o[[3]\Jop*^^oW-^ = f*o = VKo/^o 

As W^^ = § . this reduces to showing that 

n[i?^]o[/3]uop}_^ = fi. 

The zero section i : L ^ L x B^ induces 



i\ : Hl,2(i X B\p)E') ^ Hl_2(i, E), 
and the projection tti : L x B^ L induces 

<A : ^IAL,E) ^ HX,2(Z X B\p)E'). 

These maps satisfy 
Thus we have 

By the Thom Isomorphism Theorem, ([/3]U) o 7r*_^ : Yl^ ^C^.E) H^'^2*',c(^ x B^,p*E') is an isomorphism 
whose inverse is precisely n[i?'^]. □ 

Corollary 6.12. The map f* : H^2)(^s'7^') — * ^{2)iEs, E) on leafwise reduced cohomology induced by 
does not depend on the choices of i anduj. If fi and /2 are leafwise homotopy equivalent, then /j* = . 
If g : (M', F') — > (M, F) is a leafwise homotopy inverse for f , then g* o /* = id and f* og* = id, so f* is 
an isomorphism, with inverse g* . 

Proof. For any choice of i and lu, f* = /^j, so they are all the same. The other properties of /* follow from 
these same properties for which are easy to prove using classical arguments. □ 

The following result will be needed for the proof of the main theorem. Recall the definition of the pairing 
Q from the proof of Lemma 14.11 
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Proposition 6.13. If £,[ and S,2 "^^^ closed sections of /\ L'^^^^-^® E' , then 

Proof. For this, we need the cup product for shiiphcial cochains with coefficients in E (and E'). Note that 
since E has two (possibly) different metrics on it, we have two (possibly) different ways of defining this cup 
product, depending on which metric we use. We will use the (possibly indefinite) metric {•, •}. The definition 
we want to extend is that of [LS03| . Equation (3.30). For ordinary degree £ cochains ipi and ip2; this is 



{ipi U IP2){(J) = (2£+l)l ¥'i('^0V2(CTj), 



(2^+1)! 

where cr^ and aj are certain faces of the 2i simplex a, and ipi{ai) and ip2{o'j) are real numbers. If (pi and ip2 
are cochains with coefficients in E, then ipi{ai) and tp2{crj) are elements of E^. and Ecr^ respectively (which 
we identify with Ea-), and their cup product is an ordinary (C valued) cochain which is given by the formula 

{(piU(p2){a) = 7^;^^7YTjX]'i^i(^')''^2(crj)}. 

In [LS03j [3.30] Liick and Schick show that for their definition of the cup product, the Whitney map satisfies 
Proposition 6.14. For any £^ simplicial cochains ipi and ip2 on L with coefficients in E, 



QiWiipi),Wiip2)) = J^WiipiUip2)- 

Actually, they prove it when E is the one dimensional trivial bundle. The proof extends immediately to 
our case, since it is a local statement, and locally E is trivial with the metric the pull-back from the metric 
on a single fiber. 

The reason we use the metric {•, •} in the cup product, and not the metric (■,■), is so that this result will 
pass to simplicial cohomology classes Si and S2. In particular, we have 

Q{W{Ei),W{E2)) = J^W{EiUE2) =<[Z],SiUS2> 

where U is the cup product of cohomology classes with coefficients in E, which takes values in the usual 
£^ cohomology (no coefficients), and [L] is the fundamental class in bounded simplicial homology. As f and 
W are inverses of each other on cohomology, we immediately have for any cohomology classes \I'i and \I'2 
on L' with coefficients in £", 



It is clear from the definitions of the cup product and of that, for any classes G H"^ 2(^'' the 

following equality holds in H'^ ^{L,E), 

We need only prove the proposition for f^. Recall that if ~ a'^ ® (/)[ and ^2 = <^2 4'2i then Ci ^ £,'2 — 
{(f>i,4>'2}c('i A a'2, and we extend to all ^[ and ^2 by hnearity. Let and ^'2 be the cohomology classes 
determined by ^[ and ^2- Then 



QAne,),f*{Q) = / fhiCi) ^ fhiQ = / fhi^'i) ^ rD{^2) = 

1^ {Wofloj^[)A{Wofloj^'2) = ^ W{{flo j^',)U{flo j^>'2)) = 

< [L], (/i o ^ *;) u (/A o ^ *^) > = < [L], fuj *'i uj^%)>^< [/a, J], (^ u ^ ^'2) > 
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□ 

7. Induced bundles 

Wc assume again that F and F' arc Ricmannian foliations, and in this section take /* to be 
/* = /(^-) = TTi,, o op* : W^:^(F',£;') ^ Wl^iF,E). 

The restriction of /* gives isomorphisms from Kcr(A|' ). Ker(A^ ^). and Ker(A^ ^) to their images which 
we denote by 

Imf = .r(Ker(Af')), Im/; = r(Ker(Af +)), and Imfl = .r(Ker(Af '")), 

respectively. We use similar notation for the map g* : W1^{F, E) — > W1^{F' ,E'). 

Note that for x G M, gf{x) ^ x in general, which creates technical problems. To deal with this, choose a 
leafwise homotopy equivalence h : M x I ^ M between the identity map on M and gf. Recall the smooth 
leafwise path from x to gf{x), given by jx(t) = h{x,t). It determines the isometry : ^g/(a:) — *■ L^, 
given by i?3;([7]) — [7 • jx]- For any Sobolev space W*{Lx, E), determines the isometry 

R::W:{Lx,E)^W:{Lgf^x),E). 

In particular for s = 0, it gives the isometry, 

Rl : L\Lx; AT* F^ ® E) ^ L^{Lgf^.,y, AT* F, ® E). 

We shall also consider the smooth leafwise paths 7^, from x' e M' to fg{x') given by 7^/(i) = h'{x\t) 
where h' is a fixed leafwise homotopy between the identity of M' and fg. Given x G AI, define the isometry 

■■ L'fix) ^ ^/(.) to be 
This induces the isometry 

R'* : L\L'^^^y,AT*F^ ® E') ^ L^L'^^^y AT*F', ® E'). 

Note that the composition 

is liomotopic to the identity map, since for [7'] S ^/(k)' 

i?^°/°i?.°5([7']) = 1/5(7') • /(7.) • /(7.)-' • 7}(.)] = 1/5(7') •7}(.)]. 

Set 

L*(7') = (7';(y) I [o,t]) • /5(7') • 7}(^). 

Then L0(7') = /g(7') •7}(.), and L^j') = Y^y) •/5(7') •7/(.)- Now s(^H7')) = s(7') and r{L'iy)) ^ r{i), 
and /i' provides a leafwise homotopy between L^(7') and 7', so they define the same element in L'^^^^y Thus 
L* induces a homotopy from R'^ 0/0 o g to the identity map. For x £ M, consider the composition 

{Pig*KPJ*K*Pi)fi.} ■■ L^(L)^.,yAT*F', ® E') ^ L^L'j^^y AT*F', ® E'). 

Since i?!^ 0/0 Rx ° g '■ ^'f(x) ~^ ^'fix) homotopic to the identity and is the identity on cohomology, it 
follows that {Pgg* R*Pif* R'* Pf ) f(^x) induces the identity on cohomology. which is naturally isomorphic to 
Ker(A|' )f(x) = ^''^(Pe) fix}- So its restriction 

{PS*KPj*RxP'i)f(x) ■■ Ker(Af' Ker(Af' 

is the identity. 
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We now show that Im/^ determines a smooth subbundle of ^^2)(^s, -E) over MjF . Set 
Then for each a; € Af, 

{-K^)^ ■ L^{W, AT*F, (^E)^ L^{W, AT*F, ® E) 

is bounded and leafwise smoothing since tt^ and Pi are, and R'*, ii*, /* and g* are bounded maps. We 

f . . . 

leave it to the reader to show that Tr_^ is Q invariant using the equality 

[.9/(7) • Ix] = by ■ 7] 

for any 7 G with 5(7) = a; and r(7) — y. As above, this equality holds since the two paths start and end 
at the same points and a leafwise homotopy between them can be constructed using the leafwise homotopy 
equivalence h. 

We extend tt^ to an A*{M) cquivariant operator on (g) /\T*Fs ® E in the usual way. 
Proposition 7.1. tt^ : A^^2)i^s, E) Im/^ is a transversely smooth idempotent. 
Proof. First we have, 

{nif = rR'*Tr'_^g*R*Pj*R'*T^'+g*R*Pi = f* R'*TT'+Pig* R* Pj* R'* Perr'^g* R* Pe = 

rR'*{^'+fg*R*P, = rR'*7T'_^g*R*Pi = 
since tt^ = tt^P; = P^^, and for each x £ M, {P'^g* R* Pj* R'* P'^) f^,,) : Ker(Af')/(^) -> Ker(Af')j(^) is 
the identity map, and Ker(A|' ) D Im(7r^). 

As Pi is transversely smooth, we need only show that f*R'*TT'_^g*R* is transversely smooth. 

Let V^; and \7e' be the leafwise flat connections on E and E' and Vf' and Vj- be the Ricmannian 
connections on T*F' and T*F, respectively. Denote by V and V"' the quasi-connections on C°°{Ai'* (E) 
AT*Fs (g) E) and C°°{/\iy'* (g Ar*P,' (g) E') constructed from Vf g) V^, and Vf' «) Vis', respectively. 

Now suppose H is any Q invariant operator of degree zero on AT*Pg g) E, e.g. = f*R'*Tr'^g*R*. If 
a: G C°°{TF), then since and V are Q invariant, {H) = 0. A vector field Y on M is a T vector field 
provided that for any X G C°°{TF), [X,Y] G C°°{TF). If y G C°°(j/) is a T vector field, it is invariant 
under the parallel translation defined by F, so {H) is G invariant. Globally defined F vector fields rarely 
exist. The restriction of a global vector field to an open subset will be called a local extendable vector 
field. Such local vector fields have all their derivatives bounded. Any local F vector field may. after a slight 
reduction in its domain of definition, be extended to a global vector field. Finally, a bounded function (on 
M) times a bounded leafwise smoothing operator yields a bounded leafwise smoothing operator. With this 
in mind, the problem of showing that such an H is transversely smooth may be recast as follows (with the 
proof left to the reader). 

Lemma 7.2. Suppose H is a degree zero Q invariant A*{M) equivariant (homogeneous of degree 0) bounded 
leafwise smoothing operator on Aiy* g) AT* Fs gi E. Then H is transversely smooth if and only if for all local 
extendable F vector fields Yi,...,Ym G C°°(i'), the operator d^^ ...d^'" (H) is a bounded leafwise smoothing 
operator on AT*Fs g) E. 

Note that the expression f*R'*TT'^g*R*W^ makes sense as f* R'*TT'^g* R* is a well defined A*{M) equivari- 
ant operator on Ai''* g) AT*Fs <E) E. Note further that the expression R*\/'^ docs not make sense in general. 
However, restricted to any sufficiently small transverse submanifold, gf is a diffeomorphism onto its image, 
so {gf)^^ is well defined on this image. This makes it possible to prove the following. 

Lemma 7.3. Suppose Y G i^x, then /*P'*7r^5*P* Vy = /*i?'*7r^g*VJ^ (y-)-^*; where K{Y) G Vgfi^^) is the 
parallel translate of Y along ■ 

IfY' G ly'jf^.^y then f*R'*V'^,7r'^g*R* = f'V^', (y,)P'*<5*P*, where h'^{Y') G z/^^^j is the parallel trans- 
late ofY' along f{^xT^ '^'f{x)- 
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Proof. Let {Ux, 7, V) be a local chart containing [7] G and {Ugf(^x),Ux ^1 ^) ^ local chart about [77^. ^] E 
Lgff^x)- To compute /*7r^ ^*i?*Vy, we may restrict our attention to s^^(r), where T is any submanifold of 
M which has Y tangent to it. We may assume that T d Ux, and gf restricted to T is a diffeomorphism onto 
its image gf{T), which is also a transverse submanifold. with gf{T) C Ugji^x)- Now s~^(T) n (?7a:, 7, ~ 
and s^^{gf{T)) n {Ugf(x)Tllx^ , ^) — the diffeomorphisms with V are just given by the restriction 

of the target map r. In addition, 

(V^|s-i(r))or*=r*o((Vi.®Vi,)^J and (V^^y) | ^-^(^/(T))) o r* = r* o ((V^- ® V£;)^^(y) 

where (Vf ® Vb)"^ is the quasi-connection on f\T*F (g) i? over M, constructed using the normal bundle v of 
i^, Ky is the parallel translation of Y along 7, and is the parallel translation of along 77^7^. 

So = hf:{Y)^^-i . The restriction of i?, 

i?T:s-^(5/(T))^s-i(r) 

is well defined, since {gf)~^ is well defined on gf{T). In fact, it is a diffeomorphism which locally is just 
o r. Rt induces the map on leafwise differential forms 

R*T : C°°{s-\T);/\T*Fs®E) ^ {s-\gf{T)); AT* F, E), 
which extends to the operator 

R*r : C°^is-\Ty, AT*is-'{T)) ® E) {s-\g f [T))- AT* {s-\g f [T))) ® E), 
It is clear that i?^Vy is a well defined map, and since locally Rt ~ r^^ o r, we have R^Vy — VJ^ ^y)^t- 
But R^ is just the restriction of R* to s-^{T), so i?*V^ = '^L(y)-^*- 

The second statement is proved in the same way. □ 

Proposition 7.4. The operators /*V"' — V^/* andg*\/'^ — \/"^g* are leafwise differential operators^, whose 
composition with a bounded leafwise smoothing operator is again a bounded leafwise smoothing operator. 

Proof. We will only do the proof for /* as the proof for g* is the same. 

Let w ® a (g) e C^iAiy'* » AT*F^ (g) E'), with u e s*A^iM'), a e C^iG'] Ar*F,'), and e C^{g'; E'). 
Then 

4(w a (g) (^) = (g fi's(a g) 

Now 

f*\7"' {lj® a® (j)) = f*{dM'U}®a®<j)+ {-ifuj ®Vp,a ® (j) + (-1)''^ g) a (g = 
dMf*uj ® ra ® f*^ + (-1)'=/*^; (g rV^,a (g f + (-1)'=/*^^ ® J* a (g /* V^,</.. 
On the other hand, 

dMf*u; ® ra ® f*(j) + (-l)V*^ ® V^r a ® f + (-1)^*^ ® I* a ® V^f 0. 

Thus 

(/* V^' - V-f ®a®^)^ (-l)'rc. ® ((f V^, - V^f )a ® /> + fa ® (fv^, - V^f )(/>) , 

which contains no differentiation of w, so /*V"' — V^/* is indeed a leafwise operator, as are its individual 
components /*V^, - V^/* and /* V^,^- V^f. 

Next consider the leafwise operator /*V^, - V^/* acting on C°°(AT*F;). Set 

dv ^ Pudg and d^^pi^'dg'. 

In local coordinates, we may write V^, and VJ^ as Pu'{dg' + and p^{dg + &f), respectively, where Qp' 
and Of are leafwise differential operators (of order zero) with coefficients in T*Q' and T*Q. Then we have 

fv^, - v^f = 7>.'(de' + ep,)-p,{dg + ep)r = 

^By a leafwise differential operator, it is sometimes meant, here and in the sequel, operators generated locally by p 1— > f*-§^ 
where the XiS are leafwise variables. 
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f*dl - duf* + rPv'Qp' -PuOpf*- 

Lemma 7.5. f*d'^ — d^f* and g*di, — d'^g* are leafwise operators, with 

rdl - dj* - + dj*, and g*d. - d'J* - -5*4 + d'J* • 

Proof. Again wc only prove this only for f*d'^, — d^f *. As f*V^p, ~Vpf * and f*Pv'QF' —PvQfJ* are leafwise 
operators, so is f*d'jj ~ dyf* . 

On Q X we have the foliation Fg x i?'', with all its baggage. In particular, we use the product metric 
on Q X B^ , and we have the transverse derivative d^ . Local charts on Q x B^ are given by subsets of the 
form ([/, 7, V) X B^ ^ where ([/, 7, V) is a local chart for Q . It is clear that in these local coordinates, d^, and 
d^ have exactly the same form. It is then obvious from the definitions of tti^* and e^, that 

dvi-Ti,* o Cuj) = {tti.^o euj)d^ and (is(7ri^, o 6^^) = (tti,* o e„)df , 

where df is the leafwise derivative associated to the foliation Fs x B^ . As /* = tti,* o e^^ op^, to prove that 

- duf* = -f*d's + dsf*, we need only prove that 

p}dl-d^p} = -p}d's + dfp}. 

This is purely a local question, and the usual proof shows that we need only prove it for compactly supported 
functions on Q' . 

Denote by p'^ the projection p'^ : TQ' TF'^ determined by the splitting TQ' = v'^ ® TF^, and by 
pf ■■ T{g X B'') ^ T{Fs X B'') and p^ : T{g x B'') vb, the projections determined by the sphtting 
T{g X B'') = VB® T{Fs X S*^). Let e C^iG')- If X e r(F, x S'^), then p^{X) = 0, and pf^X e TF'^, so 
p>/,(X) = 0. Thus 

=p}((d:,0)p/^(X)) - {dg^B-p)ct^)p'^{X)=p){{dg,ct^)p',PfSX)) = 0. 

Next, suppose X G vb, the normal bundle to Fg x S**', and note that Pf ^X is not necessarily in v'^. Then 

{p)d',^){X)=p){{d',^){pf^X))=p){{dg,^){p'^Pf^X)) = 
p}((de,0)(p/.X))-p}((dg,(/,)(p>/^X)) = (dexS'=P/0)(^)-P/((<0)(p/,^)) = 

(dg,s'=P/</')(pf^)-P/(«<^)(P/*^)) = {d^p)^-p}d'g4>){X). 

So 

(P/f^'i. - d^p})(f> = {-p}d'g(p)p^ = {-p*fd'^(j)){I - p|) = -p}d'^(p + (p)d'g(l))pp = -p}d's(p + dfp}(j), 

since, restricted to r(i^s x B*"), p*fd'^4' = d^p*^4>. 

Thus /*< - d,J* = + dJ*. □ 

So 

/*V^, - V^/* = 4/* - + f*Pu'QF' - PuOpf*, 

a leafwise differential operator (of order at most one). 

Finally, consider f*'^E'~^Ef* acting on C^{E'). In local coordinates, and with respect to local framings 
of E' and E, we may write V^;' = dgi +Qe' and Vb = dg + Qe, where Qe' and O^; are leafwise differential 
operators (of order zero) with coefficients in T*Q' and T*Q. Then 

rv^, - v^r - rp.'^E'-P.VEf* = rp.'idg' + QE')-pMg + e^)/* = 
.r< - dj* + r-p^'QE' - p.QeI* = -rd^s + dsr + rp.'QE' - puQeJ\ 

since the proof of Lemma [731 above extends to show that f*d'^ — d,^f* = —f*d'.^ + dsf* , with respect to the 
local framings. So 

rv^, - v^r = dsf - fd'^ + fp.'QE' -p.&Ef*, 

also a leafwise differential operator (of order at most one). 

Now observe that if we use coordinates on Q' and G and framings of E' and E coming from coordiantes 
on M' and M, and framings of E' and E over M' and M, all of whose derivatives are uniformly bounded, 
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then dsf* - f*d'g + f*Pu'QF' - p^Qpf* and dsf* - f*d'g + f*p„'QE' - p^QeJ* are (at worst) order one 
differential operators which have all of their derivatives uniformly bounded. Thus /*V'^ — f* and all its 
derivatives define bounded operators from W* {F' , E') to W*_i{F, E) for each s, and so their compositions 
with a bounded Icafwisc smoothing operator are again bounded leafwise smoothing operators. □ 

Note that the proof above also proves that the composition of = f*W"^ — V^/* or Tg = g*W^ — V"^g* 
with a transversely smooth operator is again a transversely smooth operator. By virtue of Lemma 17.21 we 
will be using only local extendable V vector fields Yi,...,Yjn in proving that f*R'*TT'_^g*R* is transversely 
smooth. Thus we may rewrite Lemma 17.31 as 

f*R'*Tr'^g*R*\''' = /*i?'*7r+g*V''i?* and f*V R'*Tr'+g* R* = J* R'*"^'" ir'+g* R* ■ 

Then 

a^(/*i?'*7r+g*i?*) = [V"J*R'*7r'_^g*R*] = Vf* R'*7r'_^g* R* - f*R'*'K\g*R*V'' = 
f*R'*V"'7T'_^g*R* - f*R'*Tr'_^Vg*R* - TfR'*7r'_^g* - J* R! *t:'^T gR* . 

So, 

7.6. d]^^{f*R'*7r'_^g*R*) = iyj* R'* dy'i-K+W R* ~ {iyj f)R'*'^'+9* ~ f*R'*T:'+{iyTg)R*. 

By assumption, di,'{n'^) is a bounded leafwise smoothing operator, so iY^f*R'*di,'{n'^)g*R* is also. The 
operators ip^Ty, and iy^Tg arc Icafwisc operators which have all their derivatives bounded, so their com- 
position with a bounded leafwise smoothing operator (e.g. i?'*7r^g*) is again a bounded Icafwisc smoothing 
operator. Thus for any local extendable T vector field Yi on M, d^^{f*R'*'n:'j7j*R*) is a bounded leafwise 
smoothing operator. 

To continue the induction argument, wc need the following. 

Lemma 7.7. Let Y G C°° {v) he a local extendable F vector field, then there is a bounded vector field Z' on 
g' so that for any {Yj],t) e g x , 

^Y{[j],t)P} = P}^Z'{pf{l',],t))- 

Given this, then at ([7], € x B'' we have 

*P^p}i?'*a,,«)([7],t) = zp^([^]^,)P}i?'*9..(<) =p}(i?'**z;(p,(M,t))a,K<)) =pK^'**^;^-'(<)p/(W,0)- 

That is, iY^p*jR'*d^>{'K'^) ^p)R'*iz[d^'W+) so 

tyJ*R'*d,,{TT'+)g*R* = rR'*iz'd,'W+WR*- 

Lemma 7.8. If p is a transversely smooth operator on A*^2)i-^sT -^') ^'^'^ ^' bounded vector field on g' , 
then iz'd^'ip) is a transversely smooth operator. 

Proof. Since iz'du'{p) ~ ip^,(z')'^u'{p), we may assume that Z' ~ 9j-^jy where X'j is a finite local basis 
for the vector fields on M' , and the gj are smooth functions which are globally bounded along with all their 

derivatives. Then iz'd,y'{p) = J2j dj^x'^i^'ip) = ^j9j'^v'^{p)^ which is clearly transversely smooth since the 
gj and all their derivatives are globally bounded. □ 

Using Equation 17.61 we have 

dl-dl'{rR'*^'+g*R*) = dl-(j*R!*iz'^d,,{^'+)g*R* - {iyTf)R!*^'+g*R* - J* R!*^'+{iyi: g)R*) . 

Repeating the argument above we get 

di^{rR'*iz-d,'W+WR*)^ 

i^J*R'*d,,{iz'^d,'{ir'+))rR* - {iyTf)R'*iz'^d,'W+)rR* - rR'*iz',d,>{^'+){iyTg)R* = 
rR'*tz;,d,'{tz[d.'{7T'+))g*R* - {tyj f)R'*izid,>{TT'+)g*R* - rR'*iz[d,y{TT'+){iyTg)R\ 
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which is bounded and leafwise smoothing since iz[du' is transversely smooth. 
As i9j^ is a derivation, we have 

^^■^{{^yTf)R'*7^'^rR*) = dl^{iyT f){R'*n\g*R*) + {iyTf)d];^{R'*^'+g*R*). 

The operators (ip^ ) and ip^ T f composed with bounded leafwise smoothing operators produce bounded 
leafwise smoothing operators. As R'*Tr'^g* R* and d^^{R'*TT'^g*R*) are bounded leafwise smoothing opera- 
tors, this term is a bounded leafwise smoothing operator. Similarly for the third term. 

Now, a straight forward induction argument finishes the proof, modulo the proof of Lemmas 17.71 

Proof. To prove Lemma [7771 we "factor through the graph" . In particular, consider the map pf^a ■ Q x ^ 
Q X B'^ X Q' given by pf^c{l,t) = [li't^Pfili't)) which is a diffeomorphism onto its image. Denote by F'q ^ 
the foliation of ^ x B'^ x Q' whose leaves are of the form L x B^ x L', and denote by E'q the pull back of E' 
under the projection Q x B^ x G' ^ G'- We want to construct a transversely smooth idempotent tt^ q which 
will play the role of it'_^. However, tt^ q will not be acting on A*2'j{FQ ^, E'q) over M x M', but rather on 
the space denoted A'^2)i-^G si /\T*F!. E'q) over M x M' . which associates to each {x,x') the Hilbert space 
L^(L'^,]hT*F'^®E'). Then 

W+,g)(...') ■■= iO^' ■■ L\L',r,AT*F', ® E') ^ L\L',,- AT* F', ® E') 

is well defined, and it is obvious that tt;^ is a transversely smooth idempotent, and has image Ker(Af +). 

To define the action p^Q of pf^Q on ^^2)(^g,s'^^*^s ® -^g)' consider this space as a subspace 

of all the forms on ^ x B^ x G' by using the pull back of the projection G x B^ x t/' — > G' ■ When we do so, 
p*j Q is just the usual induced map, and on each fiber L'^{L'^^^y AT* F^ (g) E') it equals pj. 

Next define 

g*G ■■ Ah{Fs,E) ^ AT*F,' ® E'q) 

to be 

{9h)g(x') ■■= : L\Lg(.,,y,AT*F, ® E) ^ {L'^, ; AT* F^ ® E'), 

for each x' € M'. 

Finally, the action of R'* on A*^) i^'s' F') extends easily to an action on ^^2) i^G si '^^*^s' ® ^g)- 
Then qR'*7t'_^ g9gR* = P*fR'*Tr'+g*R*, and we may work with G ^ B^ x G', F'q ^, q, g*Q, and tt^ q 
in place of G\ F', p*j^ g*, and tt^, respectively. As p/,g is a diffeomorphism onto its image, we may push 
forward vector fields such as the Yi on G (which are bounded because F is Riemannian) to bounded vector 
fields Zj' on G x B'' x G' ■ Note that these vector fields are only defined along the image of p/,Gi but this is 
sufficient for our purposes, since things of the form 

rR'*iz^d,>{izid,>{7T'+))g*R* - {iyrf)R'*iz'^d,,i7r'^)g*R* - rR'*tz[d,,{7r'+){i^Tg)R*, 
are still well defined. □ 

This completes the proof that : Aj^2)iFs, E) Im/^ is a transversely smooth idempotent. □ 

The same argument shows that Im /^, and Im/* determine smooth bundles over M/F, denoted and 
TT-^ respectively. In fact, we may use the proof above to prove. 

Proposition 7.9. If p is a transversely smooth operator on Av'*®F'g®E' , then f*R'*pg*R* is a transversely 
smooth operator on Av* ® F^ ® E . 
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8. Induced connections 

Let V' = TT^V'^^TT^ be the connection on the sub-bundle tt^ = Kcr(A^ determined by the quasi- 
connection V''^ on A^T*Fl ® E' . We now prove that V' induces a connection V on tt^. 

Lemma 8.1. If ^' is a local invariant section of tt'j^, then f *{£,') is a local invariant section of n'^. 

Proof. Recall that for ([7], t) E G 'X- , pf{['f\,t) = [P/(7, t) ■ [f o 7)], the composition of the leafwise paths 
P/(7, t) and / o 7, where -P/(7, t) : [0, 1] L'^^^^^-^-^ is the leafwise path given by 

Pf{lMs)=Pf{r{l),st). 

Then 

/*(^')([77i]) = ^1,* ° e^{{P*fO(\llilt)) = ^1,* ° e.b}(e'(^/(77i, t) ' (/ ° 77i)))) = 

^1.* ° e.(p}(e'(P/(7, t) • (/ o 7) • (/ o 71)))) = ^1.* ° e.(p}(r (P/(7, ' (/ o 7)))), 
since ^' is local invariant. But this last equals 

'ri..°e.(pK'([7],t)) = f (0([7]). 

□ 

Lemma 8.2. Any local invariant section ^ of induces a local invariant section f^*£, of t:'^. 

Proof. Let T be a transversal in M on which ^ is defined. We may assume that T is so small that / 1 T is 
a diffeomorphism onto its imag e T. Then [f*)-^ : Imfl Ker(Af' +) is weU defined over T, and in fact 
is given by the map R'*P'^g*R* \ T. To see this, note that over T' , the map R'*Pl,g*R*f* : Kcr(Af' ) 
Ker(A|' ) is the identity map, since it induces the identity map on cohomology, and that Ker(A^ ^) 
Ker(Af' ). For simplicity, we shaU denote R'*P'f]j*R* \ T by For x' £ T' , define 

This gives a well defined smooth section on T' . Extend it to a local invariant section on a neighborhood of 
T'. We leave it to the reader to show that this construction is well defined, that is it docs not depend on 
the choice of T. □ 

In order to define the induced connection V, we need only define it on local invariant sections, and then 
extend it using (1) of Definition 15.71 

Definition 8.3. Let £^ be a local invariant section of tt^. Given X E TM, set X' = Define 

vx(o = r(v'x'(r*o)- 

Extend to ^ e C°^{hT* M;t:{) by using (1) of Definition\5^ 
Proposition 8.4. \J is a connection on tt;^. 

Proof. We need to check that the four conditions of Definition 15.71 are satisfied. 

15.7( 1): For differential forms, this is satisfied by definition, so we need to check it for functions. Specifically, 
we need that for any local function w on M which is constant on plaques of F (i.e. local invariant functions), 
and for any X G TM, and any local invariant section ^ of tt^, 

VxK) = dMUo{X)S, + ujVxC 

If X e TF, this is trivially true since both sides are zero. Now suppose that X is transverse to F, with 
X' = f^,{X), and let T be a transversal of F with X tangent to T. We may assume that T is so small that 
/ restricted to T is a diffeomorphism onto its image T', a transversal of F' , with inverse : T' ^ T. The 
vector X' is tangent to T', and thanks to Corollary [5211 we have 

vxK) = r (v'x'(.r*K))) = f (v'x'((c. ° f-')r*o) = I* ° r')f-*i + (u^ ° r')y'xJ-*c = 
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[5771( 2^: li X e TF, then X' e TF', and as f-*^ is local invariant, V'x'(/"*0 = 0, so VxiO = 
/*(V'x'(/"*0) = and V is fiat along F. 

\5.7{ 3): The fact that V is tj— invariant is a simple exercise which is left to the reader. 

[5l7](4): We need to show that A = Vtt^ - tt^V^tt^ : C^{AT*M; AT*Fs ® E) -> C°°{AT*M; tt{) is trans- 
versely smooth. Now n{ = f*R'*n'^g*R*Pe and V = f*V'f-* = f*V'R'*Pl,g*R* = Ptt'^^'" tt'^R'* P'Jj* R* . 
Using the proof of Proposition 17.41 we have that, modulo transversely smooth operators, 

A = f*n'^V"'n'^R'*P^g*R*f*R'*T:'^g*R*Pe - J* R'* Ti'jlj* R* PiV J* R'* ir'^g* R* Pi = 

J*TT\V"'TT\R!*P'^g*R*f*R;*P'^-K'^g*R*Pi, - J* R!* n'^g* R* Pj*V R'* ir'^g* R* Pt = 

f*n'_^V"'n'_^R'*T:'_^g*R*Pe - f* R'*n'_^,g* R* PerV" R'*T:'_^g* R* Pg, 

since P'^g* R*J* R'* P'^ is the identity on Im(P;) Ker(Af' ) D Im(7r:^). Now R'*t:'^ = n'+R'*, and V'tt!^ = 
(V"'7r^)7r^ = 7r^V"'7r^ + [V"^, 7r;^]7r^, and [V", tt^] is transversely smooth since tt^ is. So using Proposition 
17.91 we have that modulo transversely smooth operators, 

.ri?'*7r+5*i?*P^/*V'^i?'*7r^^3*i?*P£ = f* R'*'n:'_^Pl,g* R* Pj*Tr'^VTr'^R'*g* R* Pi = 

r7T'_^R'*p^g*R*PirpK^"'T^+R'*rR*Pi = r^'+v"'^'+R'*g*R*Pi, 

since R'* P'^g* R* Pj* P'^ is also the identity on Im(P;). As tt'^R'* = tt'^-k'^R'* = 7r^P'*7r'^, A = modulo 
transversely smooth operators, that is, A is transversely smooth. □ 

9. LeAFWISE HOMOTOPY INVARIANCE of the TWISTED HIGHER HARMONIC SIGNATURE 

In this section we prove our main theorem that the twisted higher harmonic signature is a leafwise 
homotopy invariant. 

Theorem 9.1. Suppose that M is a compact Riemannian manifold, with oriented Riemannian foliation F of 
dimension 11, and that E is a leafwise flat complex bundle over M with a (possibly indefinite) non- degenerate 
Hermitian metric which is preserved by the leafwise fiat structure. Assume that the projection onto Ker(A|') 
for the associated foliation Fs of the homotopy groupoid of F is transversely smooth. Then a{F, E) is a 
leafwise homotopy invariant. 

Recall that the projection onto Ker(A|') is transversely smooth: for the (untwisted) leafwise signature 
operator; whenever i? is a bundle associated to the normal bundle of the foliation; and whenever the leafwise 
parallel translation on E defined by the flat structure is a bounded map, in particular whenever the preserved 
metric on E is positive definite. Note also that these conditions are preserved under pull-back by a leafwise 
homotopy equivalence. 

Suppose that A/', F' , and E' satisfy the hypothesis of Theorem 19.11 and that f : M ^ M' is a leafwise 
homotopy equivalence, which preserves the leafwise orientations. Set E = f*{E') with the induced leafwise 
flat structure and preserved metric. Assume that the projections to Ker(A|') and Ker(A|' ) are transversely 
smooth. Then we need to show that 

cha(7r±) = /*(cha(7r±)). 
We do this in two stages. The first is to prove 

Theorem 9.2. cha(7r±) = cha(7r£). 

Proof. RccaU that 7r£ = f*R'*Tr'^g*R*Pe, and set 

7f£'* = tni + (1 -t)Pf7r£. 

A simple computation, using the fact that n^P( = tt^, shows that the are idempotents, and as Pe and 

f ^ f t 

the TTj. are transversely smooth, the tt^ are smooth families of transversely smooth idempotents. It follows 
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from Theorem 13.51 that cha(7f;^'") = cha(7f;^'^). Since 7f£'^ — '^±, we need to show that cha(7f£'°) = cha(7r±). 
We will do only the + case as the other case is the same. Set tt^. = tt^.' . 

Consider the pairings < , >, and Q defined in Section |4l Note that Q{dsai, = {—lY~^^Q{ai,dsa2)- 
Using a partition of unity and linearity, this reduces to considering sections of compact support of the form 

a = u! ^ (j), where u; £ C^{L; l\T*L) and is a flat section of where it is immediate. So i?(2)(-Fs, E) is 
totally isotropic under the pairing Q, and it is orthogonal to Ker(A|') under the pairing < , >. In addition, 
this equation implies that Q induces a well defined pairing 

g : \ll){Fs,E)®^.,){Fs,E) ^ B{M), 

where B{M) denotes the Borel C valued functions on M. It further implies that Pg restricted to the 
cocycles Z^^-^{Fs, E) preserves Q. The subspaces Ker(A^^) and Ker(A^~) are orthogonal under both of 

the pairings, since Q{Tai,a2) ~ Q{ai,Ta2)- As Ker(A|') = Ker(A^''") ©Ker(A^~), so also Z^^^{Fs,E) = 
Ker(Af+) © Kcr(Af-) © b\^){Fs,E). 

The kernels of both 7r:J^ and 7r_|_ contain Ker(Pf), so we may restrict our attention to Im(Pf) = Ker(A|'). 
The image oi^{ is Pf(Im(/;)). 

Lemma 9.3. 7r+ : Pf(Im(/^)) — !■ Ker(A^^) is an isomorphism with hounded inverse. 

Proof. By Proposition 16. 131 /* restricted to Ker(A|' ) takes the pairing Q' to the pairing Q. (Note that Q 
is ± definite on the Im(7r±) if i is even, while it is \/—lQ, which is ± definite on Im(7r±) is £ is odd. We 
will finesse this point.) Since Pi (restricted to the cocycles) preserves the pairing Q, Q is positive definite on 
P£(Im(/^)). Given 7^ a € P£(Im(/^)), write it (uniquely) as a = q;+ + where a± e Ker(Af ^). Then 

< Q{a,a) = < a+,a+ > — < a_,Q;_ > < < a+,a+ >, 

so 7r-|_(a) = 7^ and 7r+ : Pf(Im(/^)) Ker(A^^) is one-to-one. 

The above inequality also implies that tt^^ is bounded, with bound ^/2. The element a = 7r^^(a+) and 
||a|P = < a, a > = < a+,a+ > + < > = ||a+|P -I- ||Q:_|p. Since < Q{a,a), ||a_|p < 

\\a+\\\so\Ul\a+W = M? < 2|K|p. 

Next we show that 7r+ is onto. Choose a £ Ker(A^'*') which is orthogonal to 7r+(Pf(Im/^)). The 

subspaces P^(Im/jji) and P^(Im/^) are orthogonal under Q. Their direct sum is the space Ker(A£) of all 

harmonic forms, since tt^+ttL induces the identity on cohomology. Write a = /3+-|-/3_, with /3± S Pi{lmf^). 
Then 

\\af = Q{a,a) = Q{a, f3+) + Q{a, f3^) = Q(a, 7r+/3+) + g(a, 7r„/3+) + g(a, /3_) = Q{a,P-). 

The last equality is a consequence of the facts that a is g orthogonal to 7r+(P^(Im /jji)) and that Ker(A^+) 
and Ker(A^~) are Q orthogonal. Hence, we have, 

< ||a||' = g(/3+,/?-) -f g(/3_,/3_) = g(/3-,/3-) < 0. 
So, a = 0, and 7r-|_ is onto. □ 

The map tt^^ is defined on 7r+(P£(Im /^)). Define to be orthogonal projection onto 7r+(P£(Im /^)) 
composed with tt^^, i.e., 

p+ = TT^i o 7r+ : Al2-){F,,E) ^ P£(Im(/;)). 

Then p+ is an idempotent and has image P^(Im/j^), which equals n-^. We claim that p+ is transversely 
smooth. If so, then cha(p+) is defined and cha(p+) = cha(7f^), since they have the same image. Note that 
p+ is projection to P£(Im(/^)) along Ker(7r_|-). With this description, it is immediate that p-). o tt^ = p+ 
and 7r+ o = 7r+ since tt^ is projection to Ker(A^~'') along Ker(7r4_). As above, we may form the smooth 
family of transversely smooth idempotents tp-f- + (1 — i)7r_|- which connects p+ to tt^. Again, it follows from 
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Theorem 13 . 5 1 that cha(p+) = cha(7r+), and we have cha{TT+) ~ cha(7r:^). So to finish the proof we need only 
show that p+ is transversely smooth. 
Now 

and recalhng that P'^g* R* Pj* R'* P'^ = P^, and t:'± = n'^Pj, = P;,tt'±, we have 

= 9i and 9^9^ = 0. 

These idempotents are transversely smooth, since P^ and the 7r£ are transversely smooth. They also satisfy 
7?+ + tt:'^ = Pe, and their kernels both contain Ker(P^). Finally, note that the Im(7r£) ~ (Im(/|.)). Next 
set 

^4 = 7r+ + 7r{ . 

Lemma 9.4. The operator A and its adjoint A* are transversely smooth, and A is an isomorphism when 
restricted to Ker(A|'). 

Proof. A is transversely smooth because both 7r_|_ and are. As A* = (tt^ + tt;'^)* = 7r_|_ + {ttLY, we need 
only show that 

{niY = Pi,R**g*' Tr'_ R'*'f**Pi, 

is transversely smooth. The operators Pe and tt'_ are transversely smooth, and i?** = (i?*)^^ and i?'** = 

{R'*)^-^, since they are both isometrics. Now consider /** and g**, restricted to the harmonic forms. Let 
a' G Im(P/) and a £ Im(7r+). Then 

< a',7**a > = < /*a',a > = Q{f*a',*a)= Q(f*a',Ta) = Q{f*a',a) = Q{J*a' J* R'*g* R*a) = 

Q'{a',R'*g*R*a) = Q' {a\TT\R'*g* R* a + T:'^R'*g* R* a) = Q' {a' ,9n\R'*g* R* a -9Ti'^R'*g* R* a) = 

Q'{a',^7r'_^R'*g*R*a - ^TT'_R'*g*R*a) = < a', {■K\R'*g*R* - TT'_R'*g* R*)a > . 

So on Im(7r+), /** = n'^R'*g*R* - Ti'_R'*g*R*. Similarly, on Im(7r_), /** ^ -Ti'^R'*g*R* + Ti'_R'*g*R*. 
Thus on Ini(P£), 

= (TT^-ft g R — TT_R g R )n+ — {t:_^R g R — n_R g R )7r_ = (tt^ —■k_)R g R (n+ —tt-). 

Similarly, g** = (7r+ - 7r_)i?*/*i?'*(7r^ - tt'_)- As (tt^ - 7rL)7r^(7r^^ - tt^) = 7r!_, P* commutes with 7r±, 
i?'* commutes with ttj., and Pc7r± = ttj-, we have 

which is transversely smooth. 

Next, note that Q is positive definite on Im(7r_|_) and Im(7r:|^), and is negative definite on Im(7r_) and 
Ln(7f{). So Im(7r±) nlm(7f^) = {0}. Let a G Ker(Af) with A{a) = 0. Then n+{a) = -9^_{a) and 
n+{a),ni{a) G Im(7r+) nlm(7r{) {0}. Thus a G Kcr(7r+)nKcr(7f:^)nKer(Af ) = Im(7r_) nLn(7f() = {0}, 
so a = 0, and A is one-to-one. 

Now ^(Im(7T:^)) = 7r+(P^(Im(/jjl))) = lin{n+), so Im(7r+) C Im(^). Just as 7r+ maps Im(7f:^) isomor- 
phically to Im(7r-|_), 7r_ maps Im(7f:^^) isomorphically to Im(7r_). Given a G Im(7r_), let /3 G Im(7f:^), with 
■K-iP) = a, so (3 = ■K-{P) + n+{P) = a + 7r+(/3), that is a = /3-7r+(/3). Now = 'K+{P) + Tr[^{P) = ■k+{(3) + 
(3, since /? G Im(7f{). So /3 G Im(A), since 7r+(/3) G Im(7r+) C lm{A). Thus a = /3 - 7r+(/3) G Im(A), and we 
have Im(7r_) C Im(^). As A is linear and contains Im(7r±), it also contains Im(7r+) © Im(7r_) ~ Ker(A|'), 
and A is onto. □ 

Lemma 9.5. A^^ , the inverse of A restricted to Ker(A|'), is a bounded isomorphism o/Ker(A|'). 
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Proof. A ^ is bounded if and only if there is a constant C > 0, so that ||A(a)|| > C for all x E M and all 
a e Ker(A|')x with ||a|| = 1. If not, there are sequences Xj G M and aj G Ker(A|')a;^ with ||aj|| = 1, and 



mil — 11111 II /I + 7 '^'^ 

J— »C)0 J— *oo 

that is 



lim ||A(a,)|| = lim \\7:+{a,) +9i{a,)\\ ^ 0, 

J—*00 J— *CXD 



0= lim 7r^{aj) -\-7rt{ctj) = lim tt^ (a j) -\-7r^{7r-i (a j)) + 7T-{7r-i (a j)) ~ lim 7r+(Q;j +7r{.(Q:j)) + 7r_(7r:^(aj)). 

j— i-OO j— i-OO j — >oo 

This implies that lim^^oo — 0- Now 

> QinUa,),9i{a,)) = ||7r+(^{(a,))|P - |k_(^^(«,))lP, 

so linij^oo 7r+(7f:^^(Q;j)) = 0, which gives that linij^oo 7r^^(aj) ~ 0, so also liuij^oo T^+{c(j) = 0. Since 
aj = TT^luj) + 7r_(Q;j), we have 

lim {TT^{aj) — ctj) ~ 0, 

in particular, linij^oo ||7r_(aj)|| = limj^oo ||ckj"|| = 1- Now Q{iT_{aj),Tr_{aj)) — ~\\TT_{aj)\\'^ , so 

lim^^oo Q{''^-ic(j)j'!^-{'^j)) = ^1- Since Q is continuous, linij^oo Q{ctj, aj) — lim^^oo Qi'^-ictj), TT-{aj)) = 

-1. 

The fact that linij^oo ^-{(^j) = and aj = Tr^{aj) + n^{aj) implies that 

lim {Tfl{aj) — aj) = 0, 

and as above, the fact that Q{Tf^{aj),Tf^{aj)) > implies that 

liminf Q{aj, aj) > 0, 
j 

which contradicts that fact that limj_,oo Qiaj^aj) = — 1. □ 

Now consider the map B = A'' A, which is transversely smooth, and is an isomorphism when restricted to 
Ker(A^). Denote by the composition of maps: 

: Al,^iF,,E) ^ Ker(Af ) ^ Ker(Af ), 

where B^^ is the inverse of B restricted to Ker(A|'). Since p+ takes values in Pi{lm{f^)) = Im(7f^^), 
Ap^ = 7r+, so Bp^ = A^n^, and p+ = B~^A*n^. Thus we are reduced to showing that B~^ is transversely 
smooth. 

Restricting once again to Ker(A|'), we have that the operator B is positive, and A and A~^ are bounded 
operators, so there are constants < Co < Ci < oo so that for all a £ Ker(A|'), a 7^ 0, 

Co < < C, 

< a,a > 

Thus the spectrum of B on Ker(Af ), cr{B) C [Co,Ci], and for A > 0, a(f ) C [^, and cr(P<? - f ) C 
[1 — 1 — In particular, for A > Ci we have 

< 1-^ < ||P.-f|| < 1-^ < 1. 

Since B ~ PgBPg, this estimate actually holds on A^^2)i-^s, E), and for all Sobolcv norms associated to 
A^^2)i^s,E). This estimate along with the fact that x^^ — jJ2'^=oi^ ~ f)"' Provided that |1 — f | < 1, 
implies that for A > Ci, 
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where we set (Pi - -| j = P^. For N e Z+, set 



n=0 



where again (-Pf ^ x ) ~ Pi- Then Djv is a uniformly bounded (over all N) transversely smooth operator, 
and it converges to B^^ in all Sobolcv norms. Thus B^^ is a bounded leafwise smoothing operator. 

Let F be a vector field on M, and consider Dn = j J2n=o ( ~ t) ) ■ ^"-"^ integers fci , fc2, 
and for > 1, 



^ oo , ) -,00 I J 

n=Af+l n=A/'+l 

I E EV.-fiiL...pr(^^-f)ik,/cjip.-fii^x' 

n=Af+l r=0 



< 



ri=7V+l ri=7V+l 

This converges to as ^ 00, as ||9j^Pf — -j^ ||fci,fe2 is finite since — is transversely smooth. Thus 

the transverse derivative converges in all Sobolev norms, so limAr_nxD Djs; exists, and it is bounded 

and leafwise smoothing. 

Proposition 9.6. B^^ exists, in particular, Djs; converges in all Sobolev norms to B^^ , so B^^ 
is a bounded leafwise smoothing operator. 

Proof. As Dm converges in all Sobolev norms, we only need prove that 9jP~^ exists and that it equals 
limAT^oo Dm- 

Recall the situation in the proof of Thcorcm l4.4l For y close to x in M , we have the smooth diffeomorphism 
(f>y : — *■ Ly. Given Y £ TM^, set 7(t) = cxpj.(iF). For z £ and t sufficiently small, say \t\ < e, we 
have the path t Jz(t), which covers j(t) and has tangent vector in Vs- So for \t\ < e, the diffeomorphism 
^■y{t) ■ Lx -^7(t) exists. The vector Y defines the transverse vector field Y along L^, i. e. a smooth 
section of i/g \ L^, by requiring s^,{Y) = Y. Then, the operator {■) = [Vp, •] can be realized as d/dt{-) as 
follows. We may parallel translate all objects on to p7(t) (and vice-versa) along the paths 7z(i)j using 
the connection V. We will denote this parallel translation by (f>t (and the reverse by $7^). Thus any section 
of ^ G C^iL.^; a'^T*F, ® E) defines a section $t(0 = 6 of Cf'iL^i^ty, h^T* F, ® E) given by 

and is smooth in t. Note that for such a local section, Vp^t = V^^t (as Y e Vg) is defined and equals 0, 
since is parallel translation along integral curves of Y for the connection V. In fact, if we set Y{t) = 7'(i), 
then, ^Y{t)^i ~ ^9(t)^^ ~ ^- Further note that $7(4) is a diffeomorphism of bounded dilation and the 
induced action on E is also bounded, so the local operators <I>t and are bounded when acting on sections 
oiC^(Lx;h^T*Fs®E), (respectively C;?°(P^(t); A^P*P, ®P). We denote these bounds by ||$t|| and 
respectively. The bounds are uniform in t for \t\ < e. 

Similarly, we may parallel translate operators such as Dm from nearby leaves to as follows. Given 
Ci,6 G C'^{Lx■,^^T*Fs (g) E), define the operator DM,t on by 



< £'jv,t(6),6 > = < $t ^(£'jv,7(t)(6,t)),6 > 
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This is well defined and smooth in t provided |<| < e. Thus, the operator 



d{D 



N.t) 



dt 



is well defined as a 



map from C^{L^; /\'^T*Fs ® E) to C°°{L^; a'^T*^^ ® E). Likewise, Vp(Dw,^(t)(6)) is well defined for aU 

£, G C^{Lx; ^^T*Fs (E) E), and takes values in C°°{Lx; A^T*Fs ® E). The fundamental relationship between 
parallel translation and the connection V translates to the equation 



9.7. 

In fact, for all to e [— e, e] 



since $j ^ = o where $j is parallel translation from ^^(t) to L, 

For C G C;?°(Z^; A^T*i^, (g) £;) we have 

since Vp(^f) = 0. So by Equation 19.71 we have 



dt 



As above, this extends to 



9.8. 



at 



JV,7(t) 



provided \t\ < e. 



For t G [-e,e], set = ^tUd^^^^Diy) = d{DN,t)/dt, and L>J = $4"^ ( limAr_oo <9^ ^'^^^ 



and 



i?( ^ = <i>( ^(S ^). Note carefully that the following computation takes place on the leaf L^- For ^1,^2 G 
C^(L^;A'^T*Fs O E), and h G (0, e), we have that 

< B-\(^),^2 >-< So~'(a),6 > - r < > d< 

Jo 

< B~\Ci),i2 >-< DN,h{.il),^2 >| + 
< DN,h{S,l).i2 >-< ^JV,0(ei),C2 > - / < £'5v,t(6),e2 > 

Jo 

<i?Ar^o(ei),6 > - < 5(7^(6), 6 > 



< iD'^,t-D',){^,),^2>dt 



The term 



./I 

<^Ar,h(Ci),6>-<i^w,o(Ci),6>- / <D'j^t{^i),^2>dt = 0, 

Jo 

since l?^^ = d{DN,t)/dt. The term 

<^jv,o(ei),e2 > - <So"'(ei),e2 >| < ii^jv,o-So"'iiiiaiiii6ii, 

which goes to as — > 00, since Dn B^^ in norm. Likewise, the term 

< B-\^^),i2 > - < DN.h{ii),i2 >| = |< > 
Il*^'llll5;(l)-^^,7wllll*'>llll?illll6ii, 

which goes to as — *■ 00, since Dat ^ £?^^ in norm and ||$^^|| and \ \^h\\ are bounded. 



< 
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The term 



r <{D'^,t'~D',){^i),^2>dt 

Jo 



< 



||$r^|| ||C^*^i?iv,^(t) - Hm d]:('^D^ \\ \\<t>t\\ II6II \Mdt, 

which goes to as — > oo, smce ||$7^ll ^'^d ll'^*!! uniformly bounded for t G [0, h], and d^D^ converges 
in norm. 
Thus 



Hm 

N—>oo 



< > - < So"'(ei),6 >^ [ < mi),i2 > 

Jo 



dt 



0, 



and as the expression inside the hmit is independent of N , it actually equals 0. This implies that 

< hm i [b^^ - B,' - £ D[dt) (a), 6 > = 0, 
for aU 6, 6 e G^(Lx] a'^T*Fs (g> E), so 



lim iffi-i 

h^O h\ 



D[dt\ = 



as a map from C^iL^; a'^T*Fs ® E) to C°°iL^; A^T*i^, ® E). 
Next we have 

<limZ?;(6),6>-<^o(ei),6> 



< 



<limM~D'^Mi),i2> + < (limi?^,,-i?^,o)(ei),6 > + < (i?Vo-^o)(ei):6 > 



t->o 



< 



Inn ||<i>r^|| II .Hm aj^i^^^^^,, ~ aj(*)7^^,,(,)|| ||3>,|| ll^ll ||6II 



t->o 



N~*oo 



hm < i?^v.t(a),6 > - < ^^.o(ei),6 > + ||5j(")i?^,^(o) - hm d^^^'^D^ \\ \M ||6||. 

The first and last terms can be made arbitrarily small (for t G [0, h]) by choosing N sufficiently large. The 
middle term equals zero since < t(Ci)i ?2 > is continuous in t, which follows immediately from Equation 
19.81 and the fact that Djv is transversely smooth. Thus, 

- < iunz?;(Ci),e2 > - < i5o(ei),6 > = < (iimD;~i?^,)(Ci),6 >, 

which holds for all ^i, ^2 G C^(Z^; /\^T*Fs®E), so limt^o D[~D'q = 0, that is D[ is continuous at zero. The 

operator lim if/ D'dt] is also well defined as a map from C?°(Z^; A^T*Fs (g) E) to C°^(L^;A''T*F, (g) E), 
h^o h \Jq / 

and as D'^ is continuous at zero, we have 

j^^oiiiy'*'') - 

Again by the fundamental relationship between parallel translation and V, we have 



h-*0 h 



so 



Y D-1 



d:B 



h^O h 



lim — 

h-fO h 



D[dt] = Dn 



- Jim OIDn, 



and d[, B is a bounded leafwise smoothing operator. 



□ 
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A boot strapping argument now finishes the proof. Let Yi,Y2 be vector fields on M. As B = Pi and 
the are derivations, we have 

{dl-B-^)B + B-\d^^B) = d^-Pi, 

so 

= -B-\dl-B)B-^ + {dl-Pi)B-\ 
which is in the domain of d^^ . Applying it, we obtain 

dl^dl^B-' = -({dl^B-'){dl-^B)B-' + B-\dl^dl-^B)B-^ + B-\dl^ B){dl^ B~')) + 

which is a bounded leafwise smoothing map, since B and P are transversely smooth and d^^B~^ is bounded 
and leafwise smoothing. Proceeding by induction, we have that for all vector fields Yi,...,Y„i on M, the 
operator d^^ ■ ■ ■ d^"^B~^ is bounded and leafwise smoothing, so B~^ is transversely smooth. 

This completes the proof Theorem 19.21 □ 

Finally, we prove Theorem 19.11 that is we prove 

Theorem 9.9. ch,(^£) = /*(ch,(^^)). 

Proof. We will only prove that c]ia{T^+) = /*(cha(7r^).)), as the other proof is the same. We begin by 
constructing special covers of M and M' . Let {[/'} be a finite open cover of M' by foliation charts with 
transversals T' . Choose the U' so small that g\T' is a diffeomorphism. Denote by p'-, : U' ^ T' the 
projection. Let {[/} be a finite open cover of M by foliation charts with transversals T. Since the collection 
of open sets f^^{U') cover M, we may choose the U small enough so that for each [/, there is a [/^ with 
f{U) C Ulj. We may further assume that the U are so small that / | T is a diffeomorphism. Set 

U'^{p'^,)-\p'^, (/([/))). 

Then the set {U'} is a finite open cover of M' by foliation charts, f{U) C U' , and T' = f(T) is a transversal 
of U'. Denote the projection | [/' ~> T' by p'. 

Set y = f^^{U'), and note that F is not necessarily connected. However, V D U whose transversal 
T is taken diffeomorphically onto T' by /. There is a well defined projection p : V T, given by p = 
{f \ T)~^ o p' o f . Recall the connection V on 7r:J^, (induced from the connection V' on tt^) which we will use 
to construct cha{Tr^), and set V"^ = V | T with curvature 9t- Then just as in Proposition l5.20i we have 

Lemma 9.10. V|y = /9*(V'^) and e\V ^ p*{9t). 

Proof. The proof is essentially the same. To effect it, we need to be able to define local invariant sections 
over V, and to do this, we need families of leafwise paths, such that moving along them gives the projection 
p. Given y G V, choose a leafwise path jy : [1,2] — > U' from p'{f{y)) to f{y). Let h : M x I ^ M he 
a leafwise homotopy between the identity map and g o f. In particular, /i(x,0) = x and h{x, 1) = gf{x). 
Define the leafwise path 7y from p{y) to y as follows: 

jy{t) = h{p{y),t)bTO<t<l; 7y(t) = 5(7,y(t)) for 1 < i < 2; and jy{t) ^ h{y,3 ~ t) for 2 < t < 3. 

Since f{p{y)) = p'{f{y)), this does give a path from p{y) to y. Using the 7y, we may extend any local section 
defined on T to a local invariant section on all of V, and then proceed just as in the proof of Proposition 
[QOl □ 

The connection V"^ (which is V' restricted to tt'j^ \ T'), and its curvature 9t' satisfy V' | C/' = p'*{\7^ ) 
and e'\U' ^ p'*{Ot')- Set / = / | T, and define /*(V^') and J*{0t') as follows. Let ^ e C°°(7r( | T), and 
suppose that X and Y are tangent to T. Set X' = f*{X) = and Y' = f*iY) = f*{Y), both of which 

are tangent to T' . Define 

r (v^')A-e = f (vj',(r*e i to) and (^r{eT'){x,Y)y = r (0t'(x', r')(,r*e i ro). 
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Lemma 9.11. .r(V^') = V"^ and f*{0T') = Or- 

Proof. The element ^ S C°°{7r{ \ T) deter mines the local invariant sections ^ of tt;^ and / *^ of tt^. Then 
Next, using local spanning sets of 'k{_ \ V, and tt^ | U' it is not difficult to show that 
and similarly for dT'{X' ,Y'). Then 

and V|:v3^e = /*V|:'v3^',/-*e- Since / is a diffeomorphism, t{[X,Y]) = so 
It follows immediately that 



[rieT'){x,Y)y = roT'{x',Y')r*i = ^T(^,ne 



□ 



Now consider the curvature operator 0' of V' over U' . We may assume that U' ^Mf x with coordinates 
x'l, xjj, and that T' = {0} x M3. Choose a local invariant spanning set of tt^ | J7'. Recall that for 
a\ ® (jj'i.a^ ® 02 sections of hT*L' ® E' , 

Q'K®(/)'i,a^®(/)^) = / {0'i>2}a'i a4 = / (a;®(/)'i)A(a^(8 0^). 

There are functions j, ^ on T' (thanks to Proposition I5.20p so that the action of 9' on a section of tt'_^ 
is given by 



fc,i=p+l i,j i,j,k,l 

The reason that we can represent 9' this way is because for any ^' G Ker(7r^) and any ^' e Im(7r^), Q'{£,' , £,') = 

0. This follows from the fac^s that < > = 0, Q'(^',^f') = < C >, and = = V^^'^f'. 

Let x' e [/' and y',z' G -L^'- With respect to the spanning set {^^} and the local coordinates on U' , the 
Schwartz kernel Q'^.,{y' , z') of 9' \ U' is given by 

n 

e;,(y',z')= E«UM(p'(^')K.'(2/')®?i(^'K4Adx;. 
We write this more succinctly as 

Recall that x' € L^' is the class of the constant path at x' , that we identify M' with its image under x' x', 

and that / is integration over the fibration U' T' . Let {^Ay/} be a partition of unity subordinate to the 
Ju' 

special cover {[/'} of M' . Then 

Tr(0') \T'= f ^'^,{x') ar,,,^,{p\x'm{x') A ^.ix') dx', A dx\. 

JU' ■ ■ , , 
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Note that we do not multiply the integrand by the leafwise volume form dx' , since this is already incorporated 
in it by our use of the leafwise differential forms ^[ in the Schwartz kernel 0' of 9' . In particular, being very 
precise, 

e^,(2/',z') = <,,M(^'(^'))a(y')®Voi(.')K^(^')A(-)]dxl,Adx;, 

i,j,k,l 

where vol(z') is the oriented unit length vector in {K^^TFs)z' ■ Then 



tr 



{Q'A^',x'))dx' ^ «:.j,fc,z(p'(2:'))(*voi(^')KKs')A^j(x')])dx'dxl,Adx; 



i.j,k,l 



E <j,kAp'i^')m^') A (',ix') dx', A dx[. 

To avoid notational overload, we will not be this precise. 

The Q' invariance of 6' allows us to compute Tr(6'') as follows. Denote the plaque of x' in U' by P^' ■ Let 
f : Px' Lx' be the map given by: j'{w') is the class of any leafwise path in P^' from x' to w' . Then the 
value of Tr{e') at p'{x') e T' is given by 



Tr(0')(p'(^')) 



Abusing notation once again by identifying P^' with its image under j', we have that at p'{x') G T' , 
Tr{e')ip'{x')) = / ^[j,{y') E <j,kApix')my') A ^jiy) dx', A dx\ = 

i-J,k,l 



i,j,k,l 



dx'j. A dx'i . 



Similar remarks apply to all powers of 6' . 

We now return to our analysis on ^ = f^^{U'), where we have the normal coordinates Xp+i, ...,Xn given 
by Xi = x[ o f o p, so dxi = f*{dx[). If we set = f*{S,'i)^ then the are a spanning set of tt^ | V . Set 
o>i,j,k,i = o!i j k I ° f ° where p : V T . Using Lemma 19.111 along with Proposition 16.131 the Schwartz 
kernel Qx{y, z) oi 9 \ V \s, given by 

Qx{y,z)^ E °-i.3,kAp{x))(.i{y)®S.j{z)dxkhdxi, 

i^jjkjl 

and the action 6* I is 



That is 



k,l—p-\-l i,j i,j,k,l 

e = f*Q'. 



£,1 dxk A dxi 



We are interested in the Schwartz kernels 6''^ and O*"' of the operators 9' and 9''. These are given by 



and 



Q'x'iy',w[) A e'x'{w[,w'^) A ... A e'x'«-i,z') 



'S>x{y,wi) A Qxiwi,W2) A ... A Qx{wk-i,z), 



where the integration is done over repeated variables. Using Proposition 16.131 again, we have immediately 
that 

Qk ^ /*(e''^). 
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For each ip[j, in the partition of unity subordinate to {U'}, set ipv = V'c/' ° /i which gives a partition of 



unity subordinate to the open cover {V} of M. Denote by / integration over the fibration p : V 

_ Jv 
RecaU the map i : M Q given by i{x) ~ x, the class of the constant path at x. 

Lemma 9.12. Tr(6'''') = V / Vyrtr(e''). 



T. 



il}v<-o and / ipiv^ define the same Haefliger 



Proof. It suffices to show that for any differential form u on Af, 

form. Let Wq, W^, Wk+i, Wm be an open cover of M by foliation charts, with transversals So, Sm- 
We may assume that Wqi ••■i W^fe a-re the only elements which intersect the support of non-trivially, and 
that these sets are subsets of V. Let i/'O: ■■■li'm be a partition of unity subordinate to the Wj. We require 
that Wo = U and S'o = T. Recall that p' -.U' ^ T' is the projection. For j = 1, fc, choose a point yj G Sj. 
Then p'{f{yj)) = fipivj)), and as in the proof of Lemma [9.101 we define the leafwise path 7j from p{yj) to 
yj. By construction, the holonomy map hj induced by the leafwise path 7^ (which has domain possibly a 
proper subset of S'o) has range all of Sj. In addition, for each Sj, the map : Sj ^ Sq ~ T is just the 
restriction to 5*^ of the projection p -.V T. Then the Haefliger classes 

k 

l/jjlpV'^ 



k 

E 

3=0' 



/ V^jVyw = / -(/'oV'vt^ + E^j( / 

JWj J Wo 



ipoiiv^ 



The Haefliger form 



Wo 



Wo 
k 



'Wo 

k 



ij^ji'v^ 



w. 



from the fact that h- ^ 



i=i 

So is just p : Sj 



'tljj'4'v^) is supported on Sq = T, and it follows immediately 



T, that it equals / '4>v'^ 



□ 



Now c}Ya{'^+) 



Tr TT 



[n/2] 

E 



(-1) 



knk 



and by Thcorcm l9.2[ this equals chtj(7r-|_), which is independent 



fe=i ^ 

of the Bott form lo used to construct /*. Let (/) be a smooth even function on M, decreasing on [0, 1], with 
(/)(0) = 1 and 4>{x) = for |x| > 1, and let lj be the Bott form which is a multiple of (f>{xi)...(f){xk)dxi...dxk- 
For t > Q, let qt ^ M'^ be the diffeomorphism qt{x) = x/t. Denote by LOt the smooth family of Bott 
forms given by LOt ~ QfLu, and denote by /j* the map constructed using ujf Then for all t > and fc > 1, we 
have 



Trf 



Tr JV 1/ JV T/ JV 



We may use the LOt to construct the family of maps /(* (analogous to the family /(*), defined on the original 
foliation F. As both /j* and /j* are locally constructed, and tr Q''' is G' invariant, it is clear that 



r/;(tre''') = /;(i'*tre'''). 



Thus, 



[Ej™/ r{i^u')^*f:itre'')] = [El™/ r(^^')/;rtre'') 

J V Y 



It is a classical result that on each plaque in V, the compactly supported forms f*{'ip'jj,)ff{i'*trQ'^) are 
bounded independently of t G [0, 1], and converge pointwise to f*{ip'ui)f*{i'* tr6'*^) = .f*{tp[j>i'* trO''^). By 
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the Dominated Convergence Theorem, we have 

Tr(0'=)l = [E / limr(V^O/;(*'*tre''-)l = [E / Fi^'u'^'* trie'")) 



[/*E / V'^'*'*tr(e''^)] -r[Tr(0 



f-Hu') 



As cha(7r'^) = 
show that 



[n/2] 



to finish the proof that cha(7r:|^) = /*(cha(7r^)), we need only 



Tr(^i)] - r [Tr(7rV)]. Just as wc did with 9' , we may write the Schwartz kernel of tt^ | U' as 



where the b[ j arc functions on T' , and the action of tt'^ on a section ^' is given by 

Set bi,j = j = Kj°f°P f*{d)- f-nd consider the operator tt;^ on A^f^2)i-^s, E), where 

^+\'^ <^ 0' which acts by 

Then tt^_^ is a C/ invariant idempotent, has image equal to Im(7r^), and has a smooth Schwartz kernel. In 
general tt^^ ^ tt^ because forms of the type 6s|3^ which are in the kernel of -k^^^ are not necessarily in the 
kernel of 7f:J_. However, since tt;^ has smooth Schwartz kernel, Tr(7f^^) is well defined, and its Schwartz kernel 
is just /* of the Schwartz kernel of t:'^. Arguing as we did for 9^ , we get Tr(7f:J^) = /* Tr(7r^ 



Lemma 9.13. 



Tr(7r() 



Tr(i() 



Proof. Since lm{'n^^) =■ Im(7r:|^), and both are idempotents, we need only show that tt^ is transversely smooth, 
and then apply Lemma 13.61 

We will be using the notation of Section [S] Suppose the K' is the Schwartz kernel of a Q' invariant 
bounded Icafwise smoothing operator on A^^2)iE's, E'), which is given locally, with respect to a local invariant 

spanning set {^-j of A^^^ji-^s^ by K' — J2i j Kjd ® Cj, with the action given by 

Now consider the operators f*K' on A^^2)i^siE) and p*fK' on A^^^^iFs x B^,p*^E'), with local Schwartz 
kernels 

where w is a Bott form on . Recall that tti^* is integration over the fiber of the projection tti : x Q, 
and p/^* is integration over the fiber of the submersion pf : Q y. B^ — > Q' . Straight forward computations 
show that for ^ e A[^^{F,,E) and A[^~^{Fs x B^,p)E'), 

fK'iO = ^i,*(p*/A-'KO) and p}.K'{0 = (a"(p/,,(c. A 0)) A c.. 



TWISTED HIGHER SIGNATURES FOR FOLIATIONS 



49 



The maps tti^*, ttI, p*^^ Pf,*, aiid Acj arc aU bounded maps, and K' is bounded and leafwise smoothing. Thus 

f*K' is a bounded leafwise smoothing operator. Applying this to K' = tt^, we have that tt^ is a bounded 
leafwise smoothing operator. 

Using Proposition 17.41 it is easy to show that d^n-^ ~ [A{Y),Tr^] + f * {iz'd,y'Tr'^), where Y and Z' are 



as in Lemma I7.8[ and A(Y) is a leafwise operator whose composition with a bounded leafwise smoothing 
operator is again a bounded leafwise smoothing operator. Applying the argument above to iz'd,yiTT'_^_, we 
have that d^n^ is also a bounded leafwise smoothing operator. An obvious induction argument finishes the 



proof. 
Thus 



Tr(7r 



Tr(i^ 



= r 



TrK) 



and we are done. 



□ 



□ 



10. The TWISTED leafwise signature OPERATOR AND THE TWISTED HIGHER BETTI CLASSES 

In this section we give some immediate consequences of our results. In particular, we show that the 
twisted higher harmonic signature equals the (graded) Chern-Connes character in Haefliger cohomology of 
the "index bundle" of the twisted leafwise signature operator, that is the (graded) Chern-Connes character 
cha(P) of the projection P onto all the twisted leafwise harmonic forms. We conjecture a cohomological 
formula for this Chern-Connes character, which has already been proven in some cases. We also indicate 
how our methods prove that the twisted higher Betti numbers are leafwise homotopy invariants. 

Consider the first order leafwise operator = dg + Sg, which is formally self adjoint and satisfies 
{D^Y = A^. Because of this, the kernel of is the same as the kernel of A-^. Recall the ±1 eigenspaces 
A*j^{Fs,E) of the involution f of ^^2)(^s' ^)i that 



Al{F,,E) ^ A^F,,E), 



and Z)^+ is designated the twisted leafwise 



so we have the operators D^^ 
signature operator. 

Denote by P± the projections onto the Ker(£'^^). We assume that the projection P to Ker(A-^) is 
transversely smooth, so the P± are also. Then the (graded) Chern-Connes character of the index bundle of 
the twisted leafwise signature operator, c\^a{P)^ is defined, and is given by 

ch,(P)==ch„(P+)-ch„(P_) = 



TP,-) + ch,(i(P, + rP,)) 



1 



ch,(^ P, - TP,) + ch,(-(P, - rP,)) 



As in the case of compact manifolds, we have 



Theorem 10.1. Suppose that M is a compact Riemannian manifold, with oriented Riemannian foliation 
F of dimension 2^, and that E is a leafwise flat complex bundle over M with a (possibly indefinite) non- 
degenerate Hermitian metric which is preserved by the leafwise flat structure. Assume that the projection P 
onto Ker(A^) for the associated foliation Eg of the homotopy groupoid of F is transversely smooth. Then, 
the (graded) Chern-Connes character cha(P) of the index bundle of the twisted leafwise signature operator 
equals the twisted higher harmonic signature of F , that is 

cK{P)^<y{F,E). 

Proof. As chd is linear and ^(P^ ± tPi) = n±, we need only show that 

cha(P,- + TPj) = cha(P,- - tPj), 



for j = 0, .. 



1. Set Pt = Pi 



trPj where 



transversely smooth idempotents (since PjrPj = 
It follows from Theorem 13.51 that cha {Pj + tPj ) 



— 1 < < < 1- Then Pt is a smooth family of Q invariant 
for j ^ 0,...,£ 
= ch, (P,-tP,) 



1) which connects Pj 



■tP, ioPj 



tP^. 



Corollary 10.2. Under the hypothesis of Theorem \10.1[ the (graded) Chern-Connes character ch(j(P) of 
the index bundle of the leafwise signature operator with coefficients in E is a leafwise homotopy invariant. 
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The operator is elhptic along the leaves of Fs, and so produces, via a now classical construction due to 
Connes [C81j . a if —theory invariant lnda{D^^), the index of the operator which has a Chern-Connes 

character cha(Ind„(i:)^+)) € H;!(M/F), |BH04j . 

Conjecture 10.3. Under the hypothesis of Theorem \10.1\ 

cha(Ind,(-D^+)) = ch„(P) e K{M/F). 

This conjecture has been proven when the spectrum of is reasonably well behaved, see |H95( IHL99| 
IBH08) . where it is proven for the holonomy groupoid. The proofs extend immediately to the homotopy 
groupoid. It also holds for both groupoids, without any extra assumptions, whenever the projection P 
belongs to Connes' C*-algebra of the foliation for the groupoid in question. In particular, it holds for the 
holonomy groupoid case for any foliation whose leaves are the fibers of a fibration between closed manifolds, 
provided that P is transversely smooth. 

Recently, Azzali, Goette and Schick have announced, [AGS] . that they have proven it for smooth proper 
submersions V ^ B with the fibrewise action (freely and properly discontinuous) of a discrete group F such 
that the quotient V/T B \s du fibration with compact fiber, but only for bundles E which are globally flat. 
Conjecture 110.31 should follow immediately for the homotopy groupoid provided that their result extends to 
bundles which are only leafwise flat. 

Recall, |BH04| [GL03j . that in Haefliger cohomology, 

ch,(Indap^+)) = I UTF)c\v2{E), 

J F 

where L(TF) is the characteristic class of TF associated with the multiplicative sequence Y\- .Tj/tanh(xj), 
andch2(£;) =Efe2'=chfe(£;). 

Corollary 10.4. Under the hypothesis of Theorem \10.1\ and assuming Conjecture MO.SX I L(ri^) ch2(£') 

J F 

is a leafwise homotopy invariant. 

Finally we have the following. 

Definition 10.5. Assume the hypothesis of Theorem ] lU. 11 but now F may have arbitrary dimension. For 
^ 1^ j P — dim(i^), define the j-th twisted higher Betti class Pj{F, E) by 

(3,{F,E)^cha{Pj) e KiM/F). 

It is an interesting exercise to show that, just as in the case of compact fibrations, the bundle defined by 
the projection onto the leafwise harmonics (in the case E =^ M x C) is a flat bundle. That is, it admits a 
connection whose curvature is zero, so there are no higher terms in the f3j{F, M x C). This is not the case 
in general. 

Theorem 10.6. (Compare |HL91j ] Under the hypothesis of Theorem \1U.1\ with F allowed to have arbitrary 
dimension, the twisted higher Betti classes /3j{F,E), are leafwise homotopy invariants. 

Proof. We only give a sketch here of the proof of the second statement. Let / : {M,F) {M',F') be a 
smooth leafwise homotopy equivalence with smooth homotopy inverse g. The pull-back bundle f*{P'j) is a 
smooth bundle since it can be realized by the transversely smooth idempotent P^ = f* R'* P'^g* R* Pj. It can 
be endowed with the pull-back connection under / of the connection PjV''^Pj, and hence the Chern-Connes 
character of f*{Pj) is given by 

ch,(r(p;)) = r ch„(p;) = f*(3,{F',E'). 

As in the proof of our main theorem, one proves that Pj : /*(Ker(A^ )) — > Ker(A^) is an isomorphism and 
that qJ = PjPj is a smooth idempotent with image Ker(A|'), hence its Chern-Connes character coincides 
with the Betti class Pj{F,E). As qJp/ ^ and p/Q^^ = P/, the family Qt = tQ^^ + (1 - 0^/) is a 
smooth homotopy by transversely smooth idempotents from Qj to Pj . Therefore, Pj and Qj have same 
Chern-Connes character. □ 
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11. Consequences of the Main Theorem 



In this section, wc derive some important consequences of Theorem 19. II In particular, we re-derivc some 
classic results for the Novikov conjecture, and then give some general results for the Novikov conjecture for 
groups and for foliations. 

Example 11.1 (Lusztig, |Lu72| ). 

Let be a compact connected even dimensional Riemannian manifold. Set W = II^(A^; R/Z), and recall 
the natural (onto) map hi : W ^ Hom(IIi(A^; Z); R/Z). Choose a base point Xo € N. Then there is the 
natural (onto) homomorphism h:W^ Hom(7ri(A^, Xo); M/Z) given by composing hi with the natural map 
TTi{N, Xo) Hi{N, Z). Thus for each element w £ W, we have the homomorphism h{w) : 7ri(iV, Xo) — » R/Z, 
which we may compose with the map x exp(27ria::) to obtain the homomorphism /i^ : 7ri{N, Xq) C C 

Denote by N the universal covering of N. tti{N,Xo) acts on N in the usual way, and on x x C as 
follows. Let (3 G 7ri(A^, Xo), and {x,w, z) <E N x W x C, and define 

13 ■ {x,w, z) = {Px,w, hw{P)z). 

Set 

E^{N xW X C)/tti{N,Xo), 

a complex bundle over {N x W)/tti{N, Xo) — N x W, which is Icafwisc flat for the foliation F given by the 
fibration M = N x W W. It is obvious that the usual metric on C defines a positive definite metric on 
E which is preserved by the leafwise flat structure. As Hi (A^; R/Z) is the abelianization of 7ri(A^, Xo), h is 
onto, and it is natural to call E the universal flat C bundle for A^. Then M, F, and E satisfy the hypothesis 
of Theorem 19.11 since the preserved metric is positive definite. 

Note that if / : A^ ^ A^' is a homotopy equivalence, then there is a natural extension of / to / : M, F 
M',F' which is a leafwise homotopy equivalence, and f*E' = E. Thus a{F,E) is a homotopy invariant of 
the manifold A^. 

By [BII04| (and assuming Conjecture 110.31 if necessary), wc have that 



a{F,E) = [ L{TF)ch2{E) e H*(A//i^) = H*(H\A^; 

JN 



To relate this to Lusztig's theorem on Novikov conjecture, suppose that tti{N, xq) = Z". Denote by 5 : A^ 
iJZ" = T" the map classifying the universal cover N ^ N (as a Z" bundle), and let ai, a„ be the natural 
basis of H^(T" ;R). 

n 

Proposition 11.2. ch2(-E) = ]^(1 + 2.g*(ai) «) ai). 

i=l 

Theorem 11.3 (Lusztig, [Lu72| ). The Novikov conjecture is true for any compact manifold with fundamental 
group Z". 

Proof. 

o{F,E) ^ [ UTF)c\v2{E)= V 2^'[/ L(rAr)g*(a,, A---Aa,J 



ai-^ A • • • A tti 



IS a 



homotopy invariant, so each of the individual terms / L,{TN)g* {ai^ A • • • A a^^ ) is a homotopy invariant. 

Jn 

□ 



Proof (of Proposition mill) Since 7ri(A^,a;o) = Z", W = H^(A^;R/Z) ~ T". The bundle £; ^ A^ x T" is 
the pull back by g x / : A^ x T" ^ T" x T" of the bundle E„ T" x T" which is given as follows. Let 
^ e Z" = 7ri(T"), and (x, i, z) e R" x T" x C, and define 

C • {x, t, z) = [x + ^, w, (fw) • z). 
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where 

{^w) ■ z = (exp(27ri^iu;i)zi, . . . , exp(27riC„w„)z„). 

Then 

En = (K" X T" X C)/Z". 

Note that E^ = Ei (g) ■ ■ ■ (E) E^, where Ej is the pull back by the projection T" x T" ^ T x T onto the j-th 

n 

coordinates of the bundle Ei. As cli2(i?„) = c]i2{Ej), we need only show that 

i=i 

n 

ch2(-Bi) = ]J(l + 2a®a), 

1=1 

where a is the natural generator of H^(T;R). That is. ci{Ei) is the natural generator of H^(T^;R). This is 
a classical direct computation in the theory of characteristic classes. □ 

We can extend the previous example to the fundamental group T of the closed oriented surface Sg of 
genus g > 2. This is a well know theorem which follows from the results of many people, the first probably 
being Lusztig. 

Theorem 11.4. The Novikov conjecture is true for any compact manifold with fundamental group T. 

Proof. The space of equivalence classes of representations of F in U{1) is easily seen to be a torus T^^ 
of dimension 2g. Form the fiberwise flat line bundle E over the total space of the trivial fibration : 
Sg X T^f T^f given by 

{x, 9; u) ~ (x7, 0; heij){u)), xem\ Oe T^f , ueC, 7 e F 

where kg : T ~* U {\) is the corresponding homomorphism as in lll.ll Denote by Trf" : Sg x T^^ — > Sg the other 
projection. Then for any cohomology class y e i/*(T^f ; R), the cohomology class in H*{Sg; K) = H*{BT\ M) 
given by 

[(4'')*2/Ach(i?)" 

satisfies the Novikov conjecture. This can be seen as follows. Let TV be a smooth closed manifold with 
fundamental group F and denote hy Lp : N ^ Sg = BY a smooth classifying map. Notice that the harmonic 



signature of the foliated manifold M = N x T^^ (with foliation given by the fibers of the projection tt^ : 

N xT'^3 ^ T^f) twisted by the fiberwise flat bundle {ip x id)*E, is given in H*(T'^9;m) by the formula 

a{M,F; {ip x id)*E) = tt^, [(vrf )*L(rAr) U x id)* ch{E)\ . 
Clearly, for any cohomology class y E iJ*(T^^;]R), we get the liomotopy invariance of 

/ y U n^, [(TT^rUTN) U X id)* chiE)] = / HTN)n^, [{TT^yy A (v^ x zd)* cHE)] . 

But (7rf )*y = (1^ X id)*(7r|'')*y and therefore 

[i^2ry A X tdy ChiE)] - o X zd)n [{7:^n*y A ch{E) . 

The conclusion follows using that tt^, o (ip x id)* ^ ip* o Trf"^. 

Thus we need only show that every class x G H*{Sg;M.) has the given form. Wc may write Sg = jJgT^ as 
the union 

Sg = HiUH2U---UHg, 

where Hi and Hg are with a disc removed, and the other Hj are with two discs removed. There are 
natural inclusions gj : Hj ^ C T^^. On T^^ x T^^ we have the bundle E2g- Consider the natural map 

hj = gj xl -.HjX T^-" ^ X T^f c T^f x T^f . 
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Then E\Hj x T^^ = h*{E2g). Note also that on a neighborhood of the boundary of Hj, the bundle E 
is trivial, and the trivialization is independent of j. Thus we may construct a connection on E by using 
a partition of unity and the local connections given on the Hj x T^^ by the pull back under hj of the 
connection used on E2g, and the local flat connections on the neighborhoods of the boundaries of the Hj. 
Thus on the complement of a collar neighborhood of the boundary of Hj x T^f , c\i{E) — h*{ch{E2g)), and 
on a neighborhood of the boundary, ch{E) ~ 0. Now on T^^ x T^^, we have the one dimensional cohomology 
classes [dx^], [dxj], [dwj] and [dw'j] which arc dual to the natural generators of Hi(T|;M). The [dx^] live on 
the first factor of T^f x T^f, and the [dw'^] on the second. In addition, 

2s 

ch(^2,) = Y[il + [dx]] A [dwlmi + [dx^] A [dw^]). 
1=1 

Set yj ~ Yli^jidwl] A [dw^]. Denote by and 7| the elements of Hi (S'g;M) corresponding to the natural 
generators of Hi (T^ ; M) . Then 

(tti,. [n*y, A [dw^] A ch(i?)] | H, x T^^') (7]") = h*{\dx^])(^r) = ^'m: 

while for i ^ j , 

(^1,. [iT*y, A [dw^j] A ch{E)\ I H, x T^^) (7™) = K{[dx]]){^r) = 0, 

as h*{[dx^]) = 0. 

Thus each element of H"'^(5'g;]R) has the required form. It is not difficult to see that tti * [vrgj/j A ch(i?)] 
gives a non-zero two dimensional class of the required form, so we have the theorem. 

□ 

Here is another version of Lusztig's construction, see |Lu72j and [G96| . Let i? be a flat U{p,q) bundle 
over N (that is a flat bundle given by a map p : tti{N) — > U{p, q)). Then _B is a leafwise flat complex bundle 
over N with an indefinite non-dcgencratc Hermitian metric which is preserved by the leafwise flat structure. 
Write E = E~^ © E~ , where the indefinite metric is positive ± on E^ . 

Theorem 11.5. 

/ L(riV)(cll2(S+)-ch2(S-)) 

is a homotopy invariant of N . 

Proof. If N is odd dimensional, this is zero, so assume that N is even dimensional. Let F be the foliation 
of N with one leaf, namely N. The holonomy groupoid of F is just Q ^ N x N, and the projection onto 
the leafwise harmonic forms is the same on each TV. Thus the hypothesis of Theorem 19. II are satisfied and 
Conjecture 110.31 holds, giving the result. □ 

This may be recast as follows. Let p : T U{p,q) he a, homomorphism of a finitely presented group. 
Given any manifold N and homomorphism tJj : tti(N) T, we may construct the bundle E ~ E^ OE~ N. 
This construction is natural under pull-back maps, i.e., given any map / : N' N we can form the bundle 
E' = E'~^ E'~ N' using the homomorphism po if) o where /* : tti{N') — > 7ri(iV) is the induced map. 
Then E'^ = f*{E^), and so this construction determines two universal bundles E'^ and E~ over BT. 

Theorem 11.6. Let p : T ^ U(j>, q) be a homomorphism of a finitely presented group. Then 

ch{E+)-ch{E-) e H*(Br;M) 

satisfies the Novikov conjecture. 

Note that the universal U'+'^ bundle EU{p, q) X-u^p^g) Cp+« BU{p, q) sphts as EU{p, q) X[/(p,5) = 
^p.q ffi -^p^9' ^"^^ f '■ ^ ^ BU{p,q) classifying a bundle E with splitting E = £'+ © E~ , 

f*lE^^g) = E^. The map p : T ^ U{p,q) induces Bp: BT ^ BU{p,q), and ch{E^) = B p* {ch{E^g)) . Now 
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U{p) X U{q) is a maximal compact subgroup of U{p,q), so the inclusion i : BU{p) x BU{q) BU{p,q) 
induces an isomorphism in cohomology. That is 

ll*{BU{p,q);R) = }i*{BU{p);R) (g)R*{BU{q);R). 

It is not difficult to see that under this isomorphism 

ch(^+,) = ch{Ep) and ch{E-J = ch(S,), 
where Ep BU (p) and Eg —* BU{q) are the universal bundles. Thus we have 
Theorem 11.7. Let p :T ^ U{p, q) he a homomorphism of a finitely presented group. Then 

{Bp)*{i*)-^{ch{Ep)-ch{Eq)^ e H*(Br;M) 
satisfies the Novikov conjecture. 

Of course, this follows immediately from the well known fact that the Novikov conjecture is true for 
subgroups of Lie groups. The main input here is the possibility to use (complementary) families of represen- 
tations giving rise to interesting foliations. To this end, we have the following generalization of the Lusztig 
construction. It would be a very interesting application to use this construction to shed more light on the 
series of some discrete groups sitting in U{p,q). Note that, for a given Lie group H, the space Hom(r,iJ) 
is well understood for abelian groups F and has been intensively studied when F is a higher genus surface 
group and H is PSL{2,'R) or PU{1,2), see |Go85j . Other examples of F and H have also been studied by 
other authors and they all fit into the case oi H = U{p,q), see |G96j for a survey. 

Example 11.8 (Foliation Lusztig Example). 

Let X be a compact Ricmannian manifold without boundary, and g : 'Ki{N) — > Iso(-R') a homomorphism 
to the isometrics of K. Denote by llomc{TTi{N),U{p,q)) the set of homomorphisms from tti{N) to U{p,q) 
which have image contained in a compact subgroup. Let 

h:K^Rom,{7r^{N),Uip,q)) 

be a weakly uniformly continuous smooth g-cocycle. Smoothness of h means that for any 7 € 7ri(iV), 
w /iu)(7) is a smooth function from K to U{p,q). Weak uniform continuity of h means the following. 
Denote the norm on U(ji,q) by || • ||. Given wi,W2 G K, define 

dw(wi,W2) — maxfmin llAi — A2II] , 
Ai '- A2 

where Ai e h^i (tti (iV)) , the closure of the image of tti (N) under h^j. . Then, h is weakly uniformly continuous 
if dwiwi, W2) ^ as wi — > W2. 

That ft, is a g-cocycle means that for 71,72 € tti{N) and w ^ K, 

hg-,^{w){li)hwh2) = /i«,(7i72)- 

Then we may form 

E = N xK X CP+y-KiiN), 
where the action of 7 G 7ri(A^) on {x,w,z) € N x K x is given by 

7(x,w,z) = {'^{x),gj{w),h^uil)z). 

Then is a bundle over N x^j(jv) K. 

Now, we have the Riemannian foliation F of the flat fiber bundle N x^^-^i^jy-j K ^ N, whose leaves consist 
of the images of the N x {w}. The bundle E is leafwise flat, and the (indefinite) inner product is preserved by 
the flat structure. Again write E = E^ © E~ , where the indefinite metric is ± definite on E^ . The parallel 
translation along the leaves of F is bounded since the closure of the union of all the images, hu,{TTi{N)) 
is a compact subset of U{p,q). This follows easily from the facts that K is compact, each h^{TTi{N)) is 
compact, and h is weakly uniformly continuous. (We conjecture that continuity of h and compactness of K 
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imply compactness of IJ^ hwiTTi{N)).) As above, the hypothesis of Theorem 19.11 are satisfied, and we may 
apply Conjecture 110.31 to get 

Theorem 11.9. For every g, h and K as above, 

f MTF){ch2{E+)-ch2{E-)) 
Jf 

is a homotopy invariant of N . 

Note that we may view this Haefliger form as living on a single fiber K of the bundle N K N . 

This is because we may take fundamental domains of in the various leaves to integrate over (when we do 
integration over the fiber to get to Haefliger cohomology), and these fundamental domains are indexed by 
any fiber K . Thus we may integrate over K to obtain 

Corollary 11.10. For every g, h and K as above, the real number 

[ [ UTF){ch2{E+)-ch-2{E-)) 

JK JF 

is a homotopy invariant of N . 

As above, we may recast this result in terms of the Novikov conjecture. Let F = t:i(N) and let g, h and 
K be as in Example 111.81 The construction of the bundle E N Xr K and its splitting E = E~^ © E~ are 
natural with respect to pull-back maps, so this construction defines the universal bundle 

Eb = ET X K X CP+« /r, 

where the action of 7 G F on ET x K x Cp+'> is given as above by 7(2;, w, z) = {'^{x), g^iw), h^{'y)z). Then 
Eb is a C^+'J bundle over ET Xr K, and it splits as Eb = Eg Eg. U ip : N ^ BT classifies the universal 
cover N N, with induced map ip : N ^ ET, then (p x idx : N x K ^ ET x K descends to the map 
Xr idx : N XT K ^ ET XT K , and {p xt idxYiEg) = E^ . 

Proposition 11.11. Denote by 7rf : ET Xt K ^ BT the projection. Then 

7r[jch([i?+]-[i?-])) 

satisfies the Novikov conjecture. 

Proof. This follows immediatelly since a direct inspection shows that in the cohomology of N 

□ 

Remark 11.12. Examvle \11.8\ can be easily generalized to the following situation. Let Eq be a complex 
vector bundle over K which is endowed with a (possibly indefinite) non- degenerate metric {•,•}. Assume 
that the vector bundle Eq is a T-equivariant vector bundle and that the action ofT preserves {•, •}. Then the 
vector bundle 

E := N XT Eq N XT K, 

is easily seen to be a complex bundle with a well defined (possibly non-degenerate) metric, which admits a 
leafwise flat connection preserving that metric. Hence (assuming Conjecture 1 1 0. g|) . we get in this way more 
general cohomology classes which satisfy the Novikov conjecture. 

Applications to the BC Novikov conjecture. We now explain how Theorem 19.11 can be used to 
investigate the Baum-Connes Novikov conjecture, that is the Novikov conjecture for foliations. We do this 
by generalizing the construction in Example 111.81 Choose a complete smooth transversal T to the foliation 
(M, F) and denote by BQlp the classifying space of the groupoid which is the reduced (to T) homotopy 
groupoid. QTp consists of elements of Q which start and end on T . It is well known that BQ^ classifies free 
and proper actions of Ql^, so that the principal bundle Qt (which consists of elements of Q which start 
on T) over M is the pull-back, by a (up to homotopy well defined) map ip : M ^ BGtj of a universal 
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bundle EQ^ over BQ^. More precisely, we have an action of on EQ^ on the right EQ^ Xg^ Gt ~^ EQ^, 
denoted X7 for (^,7) G EQl^ Qlp, where 

Eg^ x,^ g'^ :={(a;,7) € i;^? X g'^,SB{x)=r{^)}, 

and SB : -^T,rB : Eg^ Bg^ satisfy 

SB o 'p ~ s, SB{x"f) — 5(7) and vb ° ^ = ^ o r. 

where s : C/t — > T and r : g^ — ^ Af are the source and range maps, and (p : CJ^ ^ ^'Sj' is the C/^-equivariant 
classifying map which covers if. So, we have the picture 

T <^ Eg^ ^ Bg^. 

The fibers of the submersion sb arc contractiblc and this identifies the universal principal bundle Eg^, see 
[CM] , pages 126-127. 

Definition 11.13. A g^-equivariant Hermitian bundle {Eq, {•, •}) is a complex vector bundle tto : Eo ^ T 
endowed with a (possibly indefinite) non-degenerate metric {•, •} together with an action ofgTp which preserves 
the metric. 

So if wc set 

g'^XrEo {{a,u)egT^xEo,s{a)^^o{u)] = {s\g^)*Eo, 
then there is a smooth map h : g^ i?o ^ Eq such that ttq o h{a, u) — r{a) and for any a G f/^, the map 
ha{u) := h{a,u) is a linear map from £'o,s(q) to £'o,r(Q) which preserves the metric {■,■}. It is understood 
that h is an action in the sense that 

ha(3^haohp, if r(/3) = s(a). 

Given a g^ Hermitian bundle {Eq, {•,•}), we define a Hermitian bundle over the classifying space Bg^ whose 
total space is 

E = Eg^ Eq. 

Here E is the quotient manifold where we have identified {x,u) with {xa, h[a~^ ,u)), for any a G g^ such 
that 

s{a) = TToiji) and r{a) = sb{x). 

Note that Example 111.81 falls into this class where we take T = K, a single fiber of TV x^j(jv) K and where 
the Hermitian bundle Eq is trivial and equivariant through the cocycle h. Finally, for general Riemannian 
foliations, the holonomy action of g^ on the transverse bundle to the foliation, and on all functorially defined 
bundles obtained from it, gives an example of a ^^-equivariant Hermitian bundle. 

Definition 11.14. For any g^^ -equivariant Hermitian bundle {Eq, {■,■}), the vector bundle E over the 
classifying space Bglp will be called a Hermitian leafwise flat bundle. 

This terminology is explained by the following. Recall that (p : M Bg^ is a classifying map for the 
foliation F. 

Lemma 11.15. The complex vector bundle ip* E over M admits a leafwise flat structure which preserves the 
induced (possibly indefinite) metric. 

Proof. We may assume that the vector bundle ip*E is smooth and is isomorphic to 5t Xqt Eq. Since the 
action of g^ preserves the metric {•,•}, there is a well defined metric on ^ M which is induced from 
{•,•}. The usual proof, using for instance properness of the action of g^ on C/t, allows the construction of 
a connection on E which is leafwise flat and which preserves the (possibly indefinite) non-degenerate metric 
on E. □ 

As usual, the complex bundle E splits into a direct sum of unitary vector bundles E ~ E^ © E^ which 
are not leafwise flat in general. We say that the leafwise flat bundle E is bounded if the leafwise parallel 
translation along the leafwise flat connection of is a bounded map. 
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Theorem 11.16. Assume that the foliation {M,F) is Riemannian, oriented, and transversely oriented. 
Then for any Hermitian bounded leafwise flat bundle E over BQ^ , the Chern character ch(i?+) — ch{E^ ) G 
H* {BQ'^;M.) satisfies the EC Novikov conjecture. 

Proof. The bundle Lp*E is a leafwise Hermitian flat bundle for the smooth foliation {M,F), and by our 
assumption of boundcdness, the parallel translation along the leaves is bounded, so the projection onto the 
twisted leafwise harmonics is transversely smooth. Let / : (Af, F') — > (M, F) be a leafwise oriented, leafwise 
homotopy equivalence (which also preserves the transverse orientations). Then f*{(p*E) = {(fo f)*E is also 
a bounded leafwise Hermitian flat bundle, so projection onto the twisted leafwise harmonics for (M', F') is 
also transversely smooth. Applying Theorem 19. 1[ we get 

a{M',F'; (^o - [E-])) = f*a{M,F;^*{[E+] - [i?"])) G H^iM'/F'). 

Since the foliation is transversely oriented, there is a well defined transverse fundamental class, namely the 
holonomy invariant closed current [M'/F'] which is given by integration over the transversals of {M',F'). 
Applying [M' /F'\ to the above equality and using the fact that [M'/F'] o f* = [M/F] (since / preserves the 
transverse orientations) we get 

{[M'/F'],aiM',F'; (^o /)*([i?+] - [£;-]))) = {[M/F],aiM,F;^*i[E+] [E-]))) . 

But Conjecture 110.31 gives 

a{M,F;^*{[E+]-[E-]))^ f h{TF) A ^* cH[E+] - [E-]), 

J F 

and 

a{M',F'-{^ofY{[E+]-[E-]))= f UTF')A{ipofrch{[E+]-[E-]). 

J F' 

Since [M/F] ° = and [A/'/F'] o / = / , the conclusion follows, namely 
Jf Jm Jf' Jm' 

f UTF)A^*chi[E+]-[E-])^ [ UTF')Ai^ofychi[E+]-[E-]). 
Jm Jm' 

□ 



References 

[AGS] S. Azzali, S. Gocttc and T. Schick, personal communication, preprint to appear. 

[BC85] P. Baum and A. Connes. Leafwise homotopy equivalence and rational Pontrjagin classes, Foliations (Tokyo, 1983) 

1-14, Adv. Stud. Pure Math., 5, North-Holland, Amsterdam, 1985. 
[BCOO] P. Baum and A. Connes. Geometric K-theory for Lie groups and foliations, Enseign. Math. (2) 46 (2000) 3—42. 
[BH04] M-T. Benameur and J. L. Heitsch. Index theory and Non-Commutative Geometry L Higher Families Index Theory, 

K-Thcory 33 (2004) 151-183, Corrigendum, ibid 36 (2005) 397-402. 
[BH08] M-T. Benameur and J. L. Heitsch. Index theory and Non- Commutative Geometry II. Dirac Operators and Index 

Bundles, J. of K-Theory 1 (2008) 305-356. 
[BH09] M-T. Benameur and J. L. Heitsch. The Twisted Higher Harmonic Signature for Foliations. The leafwise almost flat 

case, in preparation. 

[BN94] J.-L. Brylinski and V. Nistor. Cyclic cohomology of tale groupoids, ii'-Theory 8 (1994) 341-365. 

[Ca] P. Carrillo-Rousse Indices analytiques a support compact pour des groupoides de Lie. PhD Thesis, Paris 7, 2007, 

available at people.math.jussieu.fr/~carrillo/mathematiques.html 
[C79] A. Connes. Sur la theorie de I'integration non commutative, Lect. Notes in Math. 725, 1979. 

[C81] A. Connes. A survey of foliations and operator algebras, Operator Algebras and Applications, Part I, Proc.Sympos. 

Pure Math 38, Amer. Math. Soc. (1982) 521-628. 
[C86] A. Connes. Cyclic cohomology and the transverse fundamental class of a foliation. Geometric Methods in Operator 

Algebras (Kyoto, 1983), Pitman Res. Notes Math. Ser., 123 52-144, Longman Sci. Tech., Harlow, 1986. 
[C94] A. Connes. Noncommutative Geometry, Academic Press, New York, 1994. 

[CGM90] A. Connes, M. Gromov and H. Moscovici. Conjecture de Novikov et fibres presque plats, C. R. Acad. Sci. Paris Ser. 

I Math. 310 (1990), no. 5, 273-277. 
[CGM93] A. Connes, M. Gromov and H. Moscovici. Group cohomology with Lipschitz control and higher signatures, Geom. 

Funct. Anal. 3 (1993) 1-78. 



58 



M.-T. BENAMEUR AND J. L. HEITSCH 



[CM90] A. Connes and H. Moscovici. Cyclic cohomology, the Novikov conjecture and hyperbolic groups, Topology 29 (1990) 
345-388. 

[Cu04] J. Cuntz. Cyclic theory and the bivariant Chern-Connes character, Noncommutativc Geometry, 73-135, Lecture 

Notes in Math. 1831, Springer, Berlin, 2004. 
[CuQ97] J. Cuntz and D.Quillen. Excision in bivariant periodic cyclic cohomology. Invent. Math. 127 (1997) 67-98. 
[D77] J. Dodziuk. de Rham-Hodge theory for L^- cohomology of infinite coverings, Topology 16 (1977) 157-165. 
[EMS76] R. Edwards, K. Millett and D. Sullivan. Foliations with all leaves compact, Topology 16 (1977) 13-32. 
[Ep76] D. B. A. Epstein. Foliations with all leaves compact, Ann. Inst. Fourier (Grenoble) 26 (1976) 265-282. 
[Go85] W. Goldman. Representations of fundamental groups of surfaces. Geometry and Topology (College Park, Md., 

1983/84), 95-117, Lecture Notes in Math. 1167, Springer, Berlin, 1985. 
[GKS88] V. M. Gol'dshtein, V. I. Kuz'minov and I. A. Shvcdov. The de Rham isomorphism of the Lp- cohomology of noncom- 

pact Riemannian manifolds. Sibirsk. Mat. Zh. 29 (1988) 34-44. Translation in Siberian Math. J. 29 (1988) 190-197. 
[GR97] D. Gong and M. Rothenbcrg. Analytic torsion forms for noncompact fiber bundles, MPIM preprint 1997-105. Available 

at www.mpim-bonn.mpg.de/preprints. 
[GL03] A. Gorokhovsky and J. Lott. Local index theory over etale groupoids, J. Reine Angew Math. 560 (2003) 151-198. 
[G96] M. Gromov. Positive curvature, macroscopic dimension, spectral gaps and higher signatures. Functional Analysis on 

the Eve of the 21st Century, Vol. II, 1-213, Progr. Math., bf 132, Birkhauser Boston, 1996. 
[Ha80] A. Haefiigcr. Some remarks on foliations with minimal leaves, J. Diff. Geo. 15 (1980) 269—284. 

[H95] J. L. Hcitsch. Bismut superconnections and the Chern character for Dirac operators on foliated manifolds, K-Thcory 
9 (1995) 507-528. 

[HL90] J. L. Heitsch and C. Lazarov. A Lefschetz theorem for foliated manifolds, Topology 29 (1990) 127-162. 

[HL91] J. L. Heitsch and C. Lazarov. Homotopy invariance of foliation Betti numbers, Invent. Math. 104 (1991) 321-347. 

[HL99] J. L. Heitsch and C. Lazarov. A general families index theorem, K-Theory 18 (1999) 181-202. 

[HL02] J. L. Heitsch and C. Lazarov. Riemann-Roch-Grothendieck and torsion for foliations J. Geo. Anal. 12 (2002) 437-468. 
[HgKOl] N. Higson and G. Kasparov. E-theory and K K -theory for groups which act properly and isometrically on Hilbert 

space, Invent. Math. 144 (2001) 23-74. 
[HiS92] M. Hilsum and G. Skandalis. Invariance par homotopie de la signature d coefficients dans un fibre presque plat, J. 

Reine Angew. Math. 423 (1992) 73-99. 
[Hu93] S. Hurdcr. Exotic theory for foliated spaces (1993)s, available at www.math.uic.edu/~hurdcr/publications.html. 
[KaM85] J. Kaminker and J. G. Miller. Homotopy invariance of the analytic index of signature operators over C* -algebras, J. 

Operator Theory 14 (1985) 113-127. 
[K88] G. Kasparov. Equivariant K K -theory and the Novikov conjecture. Invent. Math. 91 (1988) 147-201. 
[KS03] G. Kasparov and G. Skandalis. Croups acting properly on "bolic" spaces and the Novikov conjecture, Ann. of Math. 

(2) 158 (2003) 165-206. 

[La02] V. Lafforgue. K-theorie bivariante pour les algebres de Banach et conjecture de Baum-Connes, Ivent. Math. 149 
(2002) 1-95. 

[LMN05] R. Lauter, B. Monthubert and V. Nistor. Spectral invariance for certain algebras of pseudodifferential operators, J. 

Inst. Math. Jussieu 4 (2005) 405-442. 
[LS03] W. Liick and T. Schick. Various L"^ -signatures and a topological L'^ -signature theorem. High Dimensional Manifold 

Topology, 362-399, World Sci. Publ., River Edge, NJ, 2003. 
[Lu72] G. Lusztig. Novikov's higher signature and families of elliptic operators, J. Diff. Geo. 7 (1972) 229-256. 
[Me] R. Meyer. Cyclic cohomology theories and nilpotent extensions, PhD thesis, Muenster. 

[M78] A. S. Miscenko. The theory of elliptic operators over C*-algebras (Russian), Dokl. Akad. Nauk SSSR 239 (1978) 
1289-1291. 

[N97] V. Nistor. Super- connections and non-commutative geometry, Cyclic Cohomology and Noncommutative Geometry 
(Waterloo, ON, 1995), 115-136, Fields Inst. Commun. 17 Amer. Math. Soc, Providence, RI, 1997. 

[P95] M. Puschnigg. A survey of asymptotic cyclic cohomology. Cyclic Cohomology and Noncommutative Geometry (Wa- 
terloo, ON, 1995), 155-168, Fields Inst. Commun. 17 Amer. Math. Soc, Providence, RI, 1997. 

[T99] J. L. Tu. La conjecture de Novikov pour les feuilletages hyperboliques, ii'-Theory 16 (1999) 129—184. 

[W83] H.E. Winkelnkemper. The graph of a foliation, Ann. Global Anal. Geo. 1 (1983) 51-75. 

LMAM, UMR 7122 Du CNRS, Universite Paul Verlaine-Metz 
E-mail address: bencmieur9univ-metz.fr 

Mathematics, Statistics, and Computer, Science, University of Illinois at Chicago 
E-mail address: heitsch@math.uic.edu 

Mathematics, Northwestern University 



